
 

UWS Academic Portal

Optimal preventive maintenance level for a repairable product under warranty subject
to multimode failure process
Ullah, Azmat; Ayat, Muhammad; Rehman, Hakeen Ur; Batala, Lochan Kumar

Published in:
International Journal of Quality and Reliability Management

DOI:
10.1108/IJQRM-05-2020-0158

Published: 06/04/2021

Document Version
Peer reviewed version

Link to publication on the UWS Academic Portal

Citation for published version (APA):
Ullah, A., Ayat, M., Rehman, H. U., & Batala, L. K. (2021). Optimal preventive maintenance level for a repairable
product under warranty subject to multimode failure process. International Journal of Quality and Reliability
Management, 38(5), 1193-1214. https://doi.org/10.1108/IJQRM-05-2020-0158

General rights
Copyright and moral rights for the publications made accessible in the UWS Academic Portal are retained by the authors and/or other
copyright owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with
these rights.

Take down policy
If you believe that this document breaches copyright please contact pure@uws.ac.uk providing details, and we will remove access to the
work immediately and investigate your claim.

Download date: 23 May 2023

https://doi.org/10.1108/IJQRM-05-2020-0158
https://uws.pure.elsevier.com/en/publications/1d058d89-51cb-4bf9-8fbd-24c4becbacdd
https://doi.org/10.1108/IJQRM-05-2020-0158


1 

 

Optimal Preventive Maintenance Level for a Repairable Product under Warranty Subjects to Multi-modes 1 
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Abstract 5 

Purpose: The purpose of this paper is to develop a model that determines whether how much effort of preventive 6 

maintenance action is worthwhile for the consumer over the post-sale product lifecycle of a repairable complex product 7 

where the product is under warranty and subjects to stochastic multi-mode failure process, i.e., damaging failure and light 8 

failure with different probabilities.  9 

Design/methodology/approach: The expected lifecycle cost is designed for a warranted product from the consumer 10 

perspective. The product failure is quantified with failure rate function, which is the number of failures incur over the 11 

product lifecycle. We consider the failure rate function reduction method in our model where the scale parameter of a 12 

failure rate function is maximized by applying the optimal preventive maintenance level. The scale parameter of any 13 

failure distribution refers to the meantime to failure (MTTF). The first-order condition is applied with respect to the 14 

maintenance level in order to achieve the convexity of the nonlinear function of the expected lifecycle cost function.  15 

Findings: We have found analytically the close form of the preventive maintenance level, which can be used to find 16 

the optimal reduced form of the failure rate function of the product and the minimum product expected lifecycle cost 17 

under the given condition of multi-mode stochastic failures process. We have suggested different maintenance policies to 18 

consumers in order to implement the proposed preventive maintenance model under different conditions. A numerical 19 

example further illustrated the analytical model by considering the Weibull distribution. 20 

Originality: This study proposes an accurate estimation of a lifecycle cost for a product that is under the support of 21 

warranty and fails with multi-mode. Furthermore, for such kind of product which is under warranty and fails with multi-22 

mode, this study suggests a new preventive maintenance approach that assures the minimum expected lifecycle cost.  23 

Practical implications: The consumer may use this study in the accurate modeling of the lifecycle cost of a product 24 

that is under warranty and fails with a multi-mode failure process. Also, the suggested preventive maintenance approach 25 

of this study helps the consumer in making appropriate maintenance decisions such as to minimize the expected lifecycle 26 

cost of a product.  27 

Keywords: product lifecycle, warranty, failure rate function, multi-mode failures, damaging failure, preventive 28 

maintenance. 29 
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1. Introduction  36 

In this paper, we propose a preventive maintenance (𝑃𝑀) approach from the consumer’s perspective of a product where 37 

the product is under warranty and subjects to a multi-mode failure process. The multi-mode failure is either light failure 38 

or damaging failure with different probability, which is derived from a scholastic failure rate function (FRF). FRF can be 39 

defined as the number of failure over the PLC. Under this proposed 𝑃𝑀 approach, the probabilistic FRF of a product is 40 

reduced by increasing the scale parameter of a given failure distribution. The scale parameter of any failure distribution 41 

refers to the meantime to failure (MTTF). The increase in the scale parameter is carried out mathematically by deciding 42 

the optimal level of 𝑃𝑀. 𝑃𝑀 level is the available combination of a listed hierarchal efforts’ manual (which may include 43 

experts, equipment, tools, etc.) for a machine or a product, which is decided by the management of a particular company. 44 

The optimal 𝑃𝑀 level will be the selection of the best level of effort from the given manual list for the specific product at 45 

a particular risk of failure (Nourelfath et al., 2015). The optimal 𝑃𝑀 level will assure to minimize the product lifecycle 46 

cost (PLCC) which is supported by a fixed period of warranty.  47 

PLC starts immediately after the purchasing of a product by the consumer and ends at the replacement. The 48 

manufacturer offers a warranty for a fixed period of time in order to assure the reliability of a product. That is why the 49 

PLC can be divided into the warranty period (WP) and post-warranty period (PWP). Warranty is an agreement between 50 

the manufacturer and consumer, which assures the manufacturer’s responsibility of repair and replacement if the product 51 

fails during the specified WP (Nguyen and Murthy, 1986; Murthy and Nguyen,1988; Yeh et al., 2015). Warranty 52 

agreement is based on some specific policy, which is called warranty policy. One of the common warranty policies is the 53 

non-renewing free minimal repair warranty policy (NFRW); which states that the consumer will be serviced with 54 

offering free repair and replacement of the failed product if the failure occurs during the WP (Murthy and Blischke, 55 

2000). The minimal repair usually applied for the complex product contained different components (such as car engine 56 

contains piston, cylinder, etc.). As the failed component is a small part of the complex product, that is why the repair or 57 

replacement of the failed component does not change the FRF of the product   (Chattopadhyay and Murthy, 2000). 58 

Furthermore, the consumer is responsible for the repair and replacement of the failed product when the product fails 59 

during the PWP (Park et al., 2013; Jung and Park, 2003a). 60 

The main concern of a consumer is to accurately estimate the costs due to the failure of a product over the PLC. The 61 

vast part of previous literature mainly focused on the PWP cost from the consumer’s perspective due to the assumption 62 

of manufacturer’s responsibility for WP costs (Djamaludin et al., 2001; Jung and Park, 2003; Kim et al., 2004; Chen and 63 

Chien, 2007; Fang and Huang, 2008; Park et al., 2013).  In the mentioned literature, product failure is considered with a 64 

single mode, which simply causes the repair cost. According to the mentioned literature, the consumer does not need to 65 

pay any cost if the failure occurs during WP, whereas a repair cost is the consumer’s responsibility if the failure occurs 66 

during the PW. However, this simple observation of noting the single failure-mode of the product does not reflect the 67 

reality and that is why the accuracy of PLCC estimation is questionable. 68 

Product failure is a complicated phenomenon, and for the rigorous formulation of PLCC, it is required to note the 69 

real intensity of the failure event. For simplicity, the product failure intensity may be sorted into two groups of light 70 

failure and damaging failure. In other words, product failure may occur either with light failure or damaging failure. 71 

Light failure may cause only the repair cost whereas the damaging failure is the consequence of repair cost as well as the 72 

severe damages, such as environmental cost, safety cost, machines breakdown for longer than normal time, etc., 73 

(Alkazimi and Grantham, 2015; Aljaroudi et al., 2015; Choi et al., 2015; Afrinaldi et al., 2017). Wang, (2002) gave the 74 

name as penalty cost to the costs due to the damaging failure. In this paper, we also use the name penalty cost for the 75 

damaging failure cost. Recently we have a study by Ullah and Jiang, (2019) which contributed to the literature by 76 

considering the multi-mode failure for a warranted product from the consumer’s perspective where the effects of light 77 

failures and damaging failures on the periodic replacement of a complex product under warranty are investigated. 78 

Although, Ullah and Jiang, (2019) mainly focused on the periodic replacement of a warranted product subject to the 79 

multi-mode failure process, however they did not consider the 𝑃𝑀 of a warranted product subject to multi-mode failure 80 

process, which is the main focus of our paper.  81 

The aim of 𝑃𝑀 is to control or minimize the failure risk to product which may cause severe damage and unbearable 82 

cost (Hale et al., 1998). The main purpose of a 𝑃𝑀 is to reduce the number of product failures and are classified into two 83 
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categories; (a) perfect 𝑃𝑀 and (b) imperfect 𝑃𝑀. Both methods are used for describing the level of a 𝑃𝑀 which are 84 

applied in age-reduction and FRF reduction of a product. Chen et al., (2012) have adopted the age-reduction method of 85 

𝑃𝑀  and derived the optimal maintenance policies for a product. Pongpech and Murthy, (2006) have used the FRF 86 

reduction method of 𝑃𝑀  for a repairable product where he explored the optimal degree of 𝑃𝑀  and setup some 87 

maintenance policies.  88 

In this paper, we contribute to the literature by introducing a 𝑃𝑀 approach for warranted product subjects to the 89 

multi-mode failure process with different probability by considering the FRF reduction method where the scale 90 

parameter of FRF is maximized by practicing the optimal 𝑃𝑀 level. We find the close form analytically for the 𝑃𝑀 level, 91 

which can further be used to find the optimal reduced form of the FRF of the product and the minimum PLC cost under 92 

different conditions. It is taken into account that the consumer’s expected PLC cost is the combination of damaging 93 

failure cost over the whole PLC (i.e., product shut down for long time, accident and safety cost, etc.) and light failure 94 

cost such as repair cost during PWP. So that to help with the complicated maintenance decisions due to the involvement 95 

of WP and PWP, we design the 𝑃𝑀 policies for a consumer, which assures the minimum PLC cost. Under this 𝑃𝑀 96 

policy, the following three options are given to a consumer: 97 

i. Option 𝐴: do not practice 𝑃𝑀. 98 

ii. Option 𝐵: practice  𝑃𝑀 over the whole PLC. 99 

iii. Option 𝐶: do not practice 𝑃𝑀 over the WP but practice the 𝑃𝑀 only over the PWP. 100 

These policies may help the consumer to decide the optimal maintenance policy for a warranted product under different 101 

intensities of damaging failure. This study finds the optimal 𝑃𝑀 level for the given product under any 𝑃𝑀 policy option 102 

(i.e., 𝐴, 𝐵, or 𝐶). Furthermore, the analytical results of this study also show that if the intensity of damaging failure is too 103 

high or there is a higher probability of damaging failure than the light failure, applying Option B would be suggested to 104 

practice 𝑃𝑀 action over the whole PLC under given optimal 𝑃𝑀 level. However, if the damaging failure probability is 105 

relatively lower, there may no need to apply 𝑃𝑀 over the whole PLC, whereas option 𝐴 or  𝐶 may be suggested.  106 

The remaining paper is outlined as follows. Section 2 briefly discusses the literature background related to the 107 

warranty, reliability and maintenance. The model is formulated in Section 3. Section 4 is devoted to the model analysis 108 

for general and special cases respectively. The analytical model is verified by solving a numerical example in Section 5. 109 

Section 6 suggests the practical implications for product consumers and operations managers. Finally, Section 7 110 

concluded the study with some limitations and future possible research extensions. 111 

2. Literature review  112 

A product may either be complex or simple and it may degrade with time and usage or fails during the usage period (Yue 113 

and Liu, 2006). The product performance also deteriorates with degradation, and the consumer needs to control product 114 

degradation to avoid the cost. Reliability theory literature provides some basic maintenance approaches which help in the 115 

control of product degradation or failure (Sheu, Griffith, and Toshio Nakagawa, 1995). Maintenance is the action to 116 

control the degradation or recover the product to its normal operating level (Nadine, 2000). Maintenance offers key role 117 

in attaining and keeping the product availability, reliability, and quality. Various maintenance approaches can be found 118 

wherein the literature, the corrective maintenance as well as the preventive maintenance are the basic of them (Nadine, 119 

2000). Corrective maintenance is an unscheduled repair or replacement action in order to restore the failed product to 120 

operating state. On the other hand, preventive maintenance is a planned action of repairs to minimize the chance of 121 

possible failure in order to decrease the consequential cost of product breakdown. 𝑃𝑀 has been studied extensively in the 122 

literature (Barlow and Hunter, 1960; Pham and Wang, 1996; Rausand, 1998; Sahin and Polatoglu, 1998; Jackson and 123 

Pascual, 2008), and are mainly classified into perfect 𝑃𝑀 and imperfect 𝑃𝑀. Perfect 𝑃𝑀 and imperfect 𝑃𝑀 describe the 124 

level of a 𝑃𝑀 and can be used in age-reduction and FRF reduction of a product. Chen et al., (2012) have adopted the age-125 

reduction method of 𝑃𝑀  and derived the optimal maintenance policies while, Pongpech and Murthy, (2006) have 126 

adopted the FRF reduction method of 𝑃𝑀 for a repairable product where they derived the optimal degree of 𝑃𝑀  and 127 

proposed some maintenance policies. In this paper, we apply the FRF reduction method of 𝑃𝑀 for a repairable product. 128 
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From the product restoring perspective, there are mainly two types of maintenance actions; as good as new (AGAN) 129 

and minimal repair (Pham and Wang, 1996). Under the AGAN maintenance action, the failed product or component is 130 

replaced by a new one and the product is restored to the new condition (Chien et al., 2004). Under the minimal repair, the 131 

failed component of a product is repaired or replaced but the restored product reliability remains the same as before the 132 

failure. The literature (Murthy, 1992a; Murthy, 1992b; Chattopadhyay and Murthy, 2000) explained minimal repair by 133 

considering a complex product (i.e., car engine, and elevator, etc.) contains the combination of different components. If 134 

the product breakdown occurs due to the failure of any of the components, the product is restored by replacing the failed 135 

component. As the failed component is a small part of the complex product, that is why the product reliability remains 136 

the same as before the failure. We also use the minimal repair in this paper.  137 

From the product failure perspective, the product basically fails with multi-mode. In the reliability literature, the 138 

multi-mode failure intensity of the product is mainly divided into light failure and damaging failure (Yang et al., 2017). 139 

Yang et al., (2017) mentioned that a product may either fails with light failure with a probability 𝑝 or damaging failure 140 

with a probability 1 − 𝑝. A vast literature (Sheu, 1998; Sheu et al., 1995; Sheu et al., 2012; Taghipour and Banjevic, 141 

2012; Rafiee et al., 2014; Salari and Makis, 2017; Peng et al., 2017; Yang et al., 2017) concerns the examining of light 142 

and damaging failure for a product. Similar to the mentioned literature, we also consider the multi-mode failure process 143 

for the PLCC modeling in this study. However, the mentioned literature has only studied the multi-mode failure process 144 

for the product which is not under the support of warranty service.  145 

In order to assure consumer about the product reliability, the manufacturer usually provides warranties. Warranty is 146 

provided for some specified period of time and that is why the PLC is divided into WP and PWP. Warranty is a contract 147 

between the manufacturer and consumer under which a free maintenance service is provided by the manufacturer if the 148 

product fails due to degradation in the WP (Blischke and Murthy, 1994; Murthy and Djamaludin, 2002; Jung et al., 2008; 149 

Ullah et al., 2020). Such kind of free warranty service is called base warranty (BW). The free maintenance service of the 150 

product during the BW period includes either repair or replacement of the failed product. In the literature, BW has been 151 

mainly studied from three perspectives: (i) manufacturer perspective; where BW serves a protection role from any misuse 152 

of a product by the consumer and promotional role to attract more consumers to the product.  (ii) Consumer perspective; 153 

where the BW provides protection to consumer from any failure consequences. (iii) Societal or informational 154 

perspective; such that a product accompanied by a longer WP is considered as high quality and reliable product (Blischke 155 

and Murthy, 1992). BW literature is very vast, and someone can refer to it (Blischke, 1995). Blischke, (1995) integrates 156 

many different issues related to BW. Murthy and Djamaludin, (2002) contributed by the review of literature related to 157 

BW. Further literature addresses four topics related to BW, i.e., the analysis of the related cost to warranty, the impact of 158 

warranties on marketing, the management of different issues related to warranties, and warranty logistic. Issues related to 159 

warranties are addressed by Murthy, (1992) where he introduced a system characterization approach. This approach is 160 

the combination of sequential steps, which first defines the real-world problem, then describe it into a mathematical 161 

formulation, analyze the formulation for the results, and finally analyze the results with key interpretations. 162 

Warranty has been studied widely in the literature of different fields of business. Hollis, (1999) mentioned that 163 

warranty is treated as insurance, maybe because of consumer heterogeneity. A similar observation was also carried out by 164 

(Emons, 1989; Padmanabhan, 1995; Lutz and Padmanabhan, 1998). The economic and marketing literature consider 165 

warranties as a money refund to the consumer in case of any failure (Padmanabhan and Rao, 1993). The stream of 166 

literature which covers the operations management mainly discuss four types of problems: (a) mathematical formulation 167 

of warranty cost considering FRF of the product (Balcer and Sahin, 1986; Mamer, 1987; Sahin and Poltoglu, 1998), (b) 168 

PLCC incorporating warranty cost (Cohen and Whang, 1997; Chen et al., 2012b), (c) the influence of warranty on 169 

inventory policies (Mabini et al., 1992; Khawam et al., 2007; Giri et al., 2017) and (d) the impact of the product warranty 170 

on supply chain profit (Chen et al., 2012b; He et al., 2018; Ullah et al., 2020). In this paper we focus on the mathematical 171 

formulation of warranty cost considering FRF of the product and PLCC incorporating warranty cost.  172 

Blischke and Murthy, 1992 have discussed the taxonomy of various kinds of warranty policies provided for a 173 

product. They mentioned that this kind of warranty policies are either renewing free replacement warranty policy 174 

(RFRW) or non-renewing free repair warranty policy (NRFW). According to the RFRW policy, when the product fails 175 

during the WP, the failed product is replaced and a new product is provided with a WP which is the same as the original 176 
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WP (Chien, 2010). The AGAN maintenance operation is practiced for a product under NRFW policy. On the other hand, 177 

according to the NRFW policy, only the failed component is either repaired or replaced without altering the warranty 178 

duration. The minimal repair is a common maintenance operation for a product under NRFW policy. In this paper, we 179 

consider the NRFW policy. It can be noted that the literature focuses on the maintenance of the product under warranty 180 

with single failure mode process. Recently, there is a study by Ullah and Jiang, (2019) which consider the multi-mode 181 

failure process where the effects of light failures and damaging failures on the periodic replacement of a complex product 182 

under warranty are investigated. The PLC was modelled from the consumer’s perspective where the repair during 183 

warranty period was the manufacturer’s responsibility while the consumer was responsible for the repair during the post 184 

warranty period. However, Ullah and Jiang, (2019) did not consider the 𝑃𝑀 of a warranted product subject to multi-mode 185 

failure process.  The main focus of this paper is to apply the FRF reduction method of 𝑃𝑀 for a repairable product under 186 

NRFW policy where the optimal level of 𝑃𝑀  is obtained in order to minimize the LCC for consumer. 187 

3. Model formulation 188 

Consider a complex repairable product consists of multiple components with a random failure rate function (FRF) 𝑟(𝑡) 189 

and useful PLC 𝐿. We assume that the consumer starts using a product immediately after purchasing with WP 𝑊 under 190 

non-renewing free minimal repair warranty policy (NFRW). Hence, the PLC is divided into WP [0, 𝑊) and PW [𝑊, 𝐿). 191 

To capture the reality, we assume that the product has increasing FRF 𝑟(𝑡) with the passage of time. For a given failure, 192 

we assume that it may either be light or damaging with different probabilities. The probability for damaging failure is 193 

modeled as 𝑝, whereas light failure occurs with probability 1 − 𝑝. The light failure can be rectified by performing the 194 

minimal repair which costs 𝐶𝑅 > 0. However, if the product failure is noted as a damaging failure, it can be rectified by 195 

minimal repair with a repair cost 𝐶𝑅 > 0 and a penalty cost 𝐶𝑠 > 0. Due to warranty coverage, the consumer only bears 196 

the penalty cost during WP, whereas the repair cost along with penalty cost comes in the part of the consumer during the 197 

PWP. Furthermore, if a 𝑃𝑀 of level 𝑚 is performed by the consumer, an associated cost of 𝑃𝑀 𝐶𝑚 occurs while at the 198 

end of PLC, a disposal cost 𝐶𝑟 is also added to the cost model. The aforementioned cost structures for the consumer 199 

during WP and PWP are depicted in Fig. 1.  200 

Consumer’s lifecycle cost
Warranty period Post-warranty period

0 W L

(Disposal  cost)

Penalty cost Penalty cost+ repair cost

201 
 202 

Figure 1. Cost structure for the consumer over the product lifecycle (PLC). 203 

The objective of the consumer is to find the optimal level of 𝑃𝑀 𝑚∗ such that the scale parameter of the product 204 

failure distribution is maximized. In addition, this maximized scale parameter will be used to minimize the FRF 𝑟(𝑡), 205 

which will further minimize the PLC cost. In addition, an appropriate maintenance policy will be chosen for the product 206 

based on its FRF intensity. Based on the aforementioned discussion, in the following subsections, the FRF with its scale 207 

parameter under PM level, the PM costs incur to consumers, and finally the PLC cost per unit are modeled. The notations 208 

used throughout the paper are mentioned in Table 1. 209 

Table 1. Notations 210 

𝐿           product lifecycle (PLC)  

𝑊         warranty period 

𝑚          𝑃𝑀 level, such that (0 ≤ 𝑚 ≤ 𝑀); and 𝑚 = 0 refers to no 𝑃𝑀 

𝑀          upper limit of PM level  
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𝑝           probability of damaging failure. 

1 − 𝑝    probability of light failure.  

𝑡           failure time of the product 

𝐹(𝑡)      cumulative failure distribution function (𝑐𝑑𝑓) 

𝑓(𝑡)      failure density function (𝑝𝑑𝑓) 

ℎ(t)       hazard function  

𝑁          total number of product failures during the PLC  

𝑟(𝑡)      failure rate function (FRF) of some general distribution function with no 𝑃𝑀 

𝑟𝑚(𝑡)    failure rate function (FRF) of some general distribution with 𝑃𝑀 of level 𝑚 over a time period 𝑡 

𝛼0         scale parameter of failure rate function (FRF)  with no 𝑃𝑀 

𝛼𝑚        scale parameter of failure rate function (FRF)  with 𝑚𝑡ℎ 𝑃𝑀 level; 𝛼𝑚 = {𝛼1, 𝛼2, … , 𝛼𝑀} 

𝐶𝑆         average penalty cost to the consumer  

𝐶𝑅         average minimal repair cost (𝐶𝑀𝐶) 

𝐶𝑚        preventive maintenance cost (𝑃𝑀𝐶) per unit with 𝑃𝑀 level 𝑚 

𝐶𝑟         disposal cost at the end of the PLC. 

𝛽          shape parameter of Weibull distribution 

𝜃0         scale parameter of Weibull distribution with no 𝑃𝑀  

𝜃𝑚        scale parameter of Weibull distribution with 𝑃𝑀 of level 𝑚 

𝑋          maintenance options: 

            =  𝐴: no 𝑃𝑀 is applied. 

            =  𝐵: apply 𝑃𝑀 over the whole PLC [0, 𝐿) 

            = 𝐶: apply 𝑃𝑀 only during the PWP [𝑊, 𝐿) 

𝑟𝑋(𝑡; 𝑚) FRF of some general distribution with 𝑃𝑀 level 𝑚 under option 𝑋 ,  where 𝑋 = 𝐴, 𝐵, 𝐶 

𝐶𝑋       expected PLC cost per unit-product to the consumer under option 𝑋 , where 𝑋 = 𝐴, 𝐵, 𝐶 

 211 

2. 1 Failure rate function and its scale parameter under PM level m 212 

The time to the first failure of a product is given by a failure distribution function 𝐹(𝑡), which is treated as point process 213 

and modeled as a non-homogenous Poisson process (NHPP) with associated hazard function ℎ(𝑡), an increasing function 214 

in 𝑡. For a complex product, the minimal repair is applied, which implies that repair time is negligible, and the FRF will 215 

not be affected (Chattopadhyay and Murthy, 2000). Under such conditions, the hazard function is the same as the FRF 216 

(i.e., ℎ(𝑡)  =  𝑟(𝑡)) (Murthy et al., 2004; Xie & Liao, 2013). If 𝑁 denotes the number of failures over the PLC 𝐿, then the 217 

failure distribution function of 𝑁 is given by  218 

𝐹(𝑡)  = 𝑃(𝑁 = 𝑛) =
𝑒− ∫ 𝑟(𝑡)𝑑𝑡

𝐿
0 [∫ 𝑟(𝑡)𝑑𝑡

𝐿
0 ]

𝑛

𝑛!
                          (1) 219 

And consequently, the expected number of failures over the PLC 𝐿 as follows    220 

𝐸(𝑁) = ∫ 𝑟(𝑡)𝑑𝑡
𝐿

0
                (2) 221 
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As mentioned in section 1 of this paper, we suggested three maintenance policies under the name of options 222 

(𝐴,𝐵, 𝐶) to a consumer, and that is why the FRF 𝑟(𝑡) for the product will be different under each option. For the ease of 223 

equation presentation, let’s consider a notation of the FRF under 𝑃𝑀 of level 𝑚 as 𝑟𝑋(𝑡; 𝑚) where 𝑋 denotes option 𝐴 224 

, 𝐵 and 𝐶 and the value of 𝑚 denotes the level of 𝑃𝑀 (i. e. , ( 0 ≤ 𝑚 < 𝑀)). The characterization of the FRF 𝑟(𝑡) for the 225 

proposed options (𝐴,𝐵, 𝐶) is then as follows: 226 

Option 𝐴: following the maintenance policy subjects to option 𝐴, there is no 𝑃𝑀 action (i.e., 𝑚 = 0), and that is 227 

why the FRF will be the same as the FRF associated to the general product distribution and  is indicated by  228 

𝑟𝐴(𝑡; 0) = 𝑟(𝑡)                                        (3) 229 

Option 𝐵: following the maintenance policy subjects to option 𝐵, there is  𝑃𝑀 with level 𝑚 over the whole PLC 𝐿 230 

and that is why the FRF is  231 

𝑟𝐵(𝑡; 𝑚)= 𝑟𝑚(𝑡)  where 0 ≤ 𝑡 ≤ 𝐿          (4) 232 

Here the maintenance level 𝑚 is a variable, and by increasing the maintenance level 𝑚 , the scale parameter of an 233 

underline distribution will increase. As a result, the reduction in the FRF 𝑟𝑚(𝑡) will increase.  234 

Option 𝐶: following option 𝐶, there is no 𝑃𝑀 action over the WP [0, 𝑊) (i.e., 𝑚 = 0 ), but a 𝑃𝑀 of level 𝑚 will be 235 

applied over the PWP [𝑊, 𝐿). Hence, the FRF can be modeled as follow: 236 

𝑟𝐶(𝑡; 𝑚) =
( )                                 0

[ ( ) ( )] ( )    m m

r t for t W

r W r W r t for W t L

 


− +  
                                     (5) 237 

For the given FRFs 𝑟(𝑡; 𝑚)  as mentioned in Eq. 3, Eq. 4, and Eq. 5, it is assumed that 𝑃𝑀  is carried out 238 

continuously at a short regular interval where the FRF is reduced by each 𝑃𝑀 action. The reduction in FRF is due to an 239 

increase in the scale parameter of any given failure distribution function by applying the 𝑚𝑡ℎ 𝑃𝑀 level. For a given FRF 240 

𝑟𝑋(𝑡; 𝑚) under any 𝑃𝑀 level 𝑚, the scale parameter is denoted by 𝛼𝑚 as follows 241 

𝛼𝑚 = 𝛼 (
𝑀

𝑀−𝑚
)     for 0 ≤ 𝑚 < 𝑀       (6) 242 

Where 𝑀 denotes the upper limit of 𝑃𝑀 level while the greater amount of 𝑚 means higher maintenance effort. 243 

2. 2 Consumer’s maintenance cost 244 

Let 𝐶𝑆 denotes the average penalty cost due to the damaging failure of the product with probability 𝑝. The consumer is 245 

accounted for the average penalty cost over PLC [0, 𝐿). The average minimal repair cost 𝐶𝑅 depends on the expected 246 

number of failures, and the consumer is responsible for 𝐶𝑅 only over the PWP [𝑊, 𝐿). Both 𝐶𝑆 and 𝐶𝑅 are incurred as a 247 

result of the random failure of the product, modeled as the FRF 𝑟𝑋(𝑡; 𝑚), with probability 𝑝 and 1 − 𝑝, respectively. 248 

Let 𝐶𝑚  be the 𝑃𝑀 cost which depends on the effort of the resulting reduction in the FRF 𝑟𝑋(𝑡; 𝑚),. Following 249 

(Hamidi et al., 2016), 𝑃𝑀 cost can be modelled as the increasing function with the 𝑃𝑀 level 𝑚 as follows 250 

𝐶𝑚 = {
𝑎 + 𝑏𝛼𝑚, 𝑖𝑓  𝑚 > 0

 0,                 𝑖𝑓  𝑚 = 0
                                  (7) 251 

Where 𝛼𝑚 is the scale parameter of a given failure distribution under 𝑃𝑀 level 𝑚 from Eq. 6. Furthermore, 𝑎, 𝑏 ≥ 0, 252 

where 𝑎 represents the basic expected cost of the PM facilities (i.e., costs due to labor skills, machines, tools, etc.) while 253 

𝑏 represents the slope of PM cost 𝐶𝑚 which refers to increasing the scale parameter 𝛼𝑚 by one unit, the PM cost 𝐶𝑚 will 254 
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increase by 𝑏 unit.  Eq. 7 shows that the 𝑃𝑀 cost increases with increasing 𝑃𝑀 level 𝑚 ≥ 0, which clearly means that 255 

there is no 𝑃𝑀 cost for option 𝐴 when 𝑚 = 0, whereas the 𝑃𝑀 cost for option 𝐵 and Option 𝐶 are (𝑎 + 𝑏𝛼𝑚)𝐿 and (𝑎 +256 

𝑏𝛼𝑚)(𝐿 − 𝑊), respectively. Further, we assume an additional cost 𝐶𝑟 as the disposal cost at the end of the PLC. 257 

2. 3 Consumer’s expected product lifecycle (PLC) cost per unit product 258 

The expected PLC cost includes the WP cost and the cost incurred over the PWP to the consumer under the three 259 

proposed options 𝐴, 𝐵, 𝐶. Under the assumption of minimal repair where the repair or replacement time of the failed 260 

product is negligible, we can model the expected number of failures by the integral of FRF (𝑟𝑋(𝑡; 𝑚)) over given interval 261 

of time. Hence, we define ∫ 𝑟𝑋(𝑡; 𝑚) 𝑑𝑡 
𝑊

0
and ∫ 𝑟𝑋(𝑡; 𝑚) 𝑑𝑡

𝐿

𝑊
 are the expected number of failures over WP and PWP 262 

respectively, where 𝑟𝑋(𝑡; 𝑚) is shown by Eq. 3, Eq. 4 and Eq. 5 respectively. Similarly, the expression for the scale 263 

parameter 𝛼𝑚 and the 𝑃𝑀 cost 𝐶𝑚 shall be taken from Eq. 6 and Eq. 7, respectively. The expected post-sale PLC cost per 264 

unit product purchased is the sum of the minimal repair cost 𝐶𝑅 during PWP and the penalty cost 𝐶𝑆 and 𝑃𝑀 cost 𝐶𝑚 over 265 

the whole PLC. Also, the disposal cost 𝐶𝑟 at the end of the PLC is an additional cost.  266 

Following option 𝐴, the expected PLC cost is modeled as 267 

𝐶𝐴 = 𝐶𝑆 𝑝 ∫ 𝑟(𝑡)𝑑𝑡 + ((𝐶𝑅 + 𝐶𝑆)𝑝 + 𝐶𝑅(1 − 𝑝)) ∫ 𝑟(𝑡)𝑑𝑡 + 𝐶𝑟
𝐿

𝑊

𝑊

0
           (8) 268 

In Eq. 8, there is no 𝑃𝑀 that is why the product has the general FRF 𝑟(𝑡) from Eq. 3. During the WP, the consumer bears 269 

only the penalty cost incurs due to damaging failure with probability 𝑝. Over the PWP, the damaging failure with 270 

probability 𝑝 induces penalty cost and the repair cost, while the light failure results in the repair cost only with 271 

probability 1 − 𝑝.  272 

Following option 𝐵, the expected PLC cost is modeled as           273 

  𝐶𝐵 = 𝐶𝑆 𝑝 ∫ 𝑟𝑚(𝑡)𝑑𝑡 + ((𝐶𝑅 + 𝐶𝑆)𝑝 + 𝐶𝑅(1 − 𝑝)) ∫ 𝑟𝑚(𝑡)𝑑𝑡 + (𝑎 + 𝑏𝛼𝑚)𝐿 + 𝐶𝑟
𝐿

𝑊

𝑊

0
        (9) 274 

Here, 𝑃𝑀 is applied over the whole PLC, and that is why the product has the FRF 𝑟𝑚(𝑡) as given by Eq. 4, which carries 275 

an additional cost of  𝑃𝑀 from Eq. 7. 276 

Following option 𝐶, the expected PLC cost is given by     277 

𝐶𝐶 = 𝐶𝑆 𝑝 ∫ 𝑟(𝑡)𝑑𝑡 + ((𝐶𝑅 + 𝐶𝑆)𝑝 + 𝐶𝑅(1 − 𝑝)) ∫ (𝑟(𝑊) − 𝑟𝑚(𝑊) + 𝑟𝑚(𝑡))𝑑𝑡 + (𝑎 + 𝑏𝛼𝑚)(𝐿 − 𝑊) + 𝐶𝑟 
𝐿

𝑊

𝑊

0
     (10) 278 

         279 

Here, the 𝑃𝑀 is applied only over the PWP; that is why the product fails with different FRF during WP and PWP, as 280 

mentioned in Eq. 5. During WP the product fails with FRF 𝑟(𝑡), while during the PWP, the product fails with FRF 𝑟𝑚(𝑡). 281 

The 𝑃𝑀 cost incurs in the PWP (𝐿 − 𝑊) is taken from Eq. 7.  282 

4. Model Analysis  283 

Our model is a nonlinear expected PLC cost function for a warranted product subject to the multi-mode failure 284 

process from the consumer perspective. Our objective is to minimize the expected PLC cost by finding analytically the 285 

optimal 𝑃𝑀 level 𝑚∗. The expected PLC cost models are considered a constrained optimization problem where the first-286 

order condition is applied with respect to the maintenance level in order to achieve the convexity of the nonlinear 287 

function of the expected PLC cost. Hence, in this section, we analyze our model analytically to find the optimal 𝑃𝑀 level 288 

𝑚∗ based on the expected PLC cost. The optimal 𝑃𝑀 level 𝑚∗ will obtain the optimal maximum scale parameter of the 289 

given failure distribution of a product, which may result in the minimum FRF to minimize the PLC cost under the given 290 
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options of maintenance policy (i.e., options (𝐴, 𝐵, 𝐶)) of the consumer. The analysis will be further extended to compare 291 

the three given maintenance policies under options (𝐴 , 𝐵 , 𝐶 ) such as to choose the optimal minimum PLC cost 292 

maintenance policy. The first sub-section of our analysis considers a general case of a failure distribution, and then we 293 

extend our analysis to a special case of Weibull distribution in the next sub-section.  294 

4.1 Optimal preventive maintenance level: A general case 295 

The optimal 𝑃𝑀 level 𝑚 is based on the minimum expected PLC cost for the different options (𝐴, 𝐵, 𝐶). If  𝑚 is a 296 

continuous variable that lies in the interval of (0, 𝑀], the optimal value for 𝑚 can be obtained by the first-order condition. 297 

Note that the average cost 𝐶𝐵, and 𝐶𝐶 , of the Eq. 9 and Eq. 10 respectively can be considered a constrained optimization 298 

problem which can be solved in a single stage for the optimum 𝑃𝑀 level 𝑚∗. Let 𝛼𝑚 be the scale parameter of FRF 299 

(i.e., 𝑟(𝑡, 𝑚)) for some general failure distribution.  By fixing the other parameters, the optimal reduction in FRF can be 300 

obtained by maximizing the scale parameter 𝛼𝑚∗ =  𝛼0 (
𝑀

𝑀−𝑚∗). Which results in minimizing the cost 𝐶𝐵
∗and 𝐶𝐶

∗of the 301 

Eq. 9 and Eq. 10 respectively, subject to the constraint 302 

0 ≤ 𝑚 < 𝑀        (11) 303 

In order to show the effect of 𝑃𝑀 level 𝑚 on the scale parameter 𝛼𝑚, take the first-order condition of 𝛼𝑚 from Eq. 6 with 304 

respect to 𝑚 as 305 

𝜕𝛼𝑚

𝜕𝑚
=

𝛼0𝑀

(𝑀−𝑚)2            (12)        306 

The positive result of  
𝜕𝛼𝑚

𝜕𝑚
 from Eq. 12 implies that the scale parameter of a given distribution increase with increasing 307 

the 𝑃𝑀 level 𝑚 where the maximum level of 𝑚 is near to 𝑀.  308 

We can apply our results for the real situation by modifying the Weibull distribution function in order to achieve the 309 

close form of 𝑚∗ in the following sub-section.   310 

4.2 Special case: Weibull distribution 311 

Our analysis can be applied for any distribution however, Weibull distribution is commonly used for failure analysis 312 

because of its special characteristics. That is why we continue our analysis for Weibull distribution with shape parameter 313 

𝛽 . Furthermore, we consider the simple case with no 𝑃𝑀  and 𝜃0  be the scale parameter under it. The cumulative 314 

distribution function (𝐶𝐷𝐹) and probability distribution function (𝑝𝑑𝑓) are respectively given below                                                                                                                                                315 

𝐹(𝑡) = 1 − 𝑒
(

𝑡

𝜃0
)

𝛽

             (13)    316 

𝑓(𝑡) = 𝛽/𝜃0(𝑡/𝜃0)𝛽−1𝑒(𝑡/𝜃0)𝛽
                          (14) 317 

It is well known that the FRF as follows   318 

𝑟(𝑡) = 
𝑓(𝑡)

1−𝐹(𝑡)
            (15) 319 

Consequenlty, the FRF 𝑟(𝑡) for the Weibull distribution is modelled as 320 

𝑟(𝑡) =
𝛽

𝜃0
(

𝑡

𝜃0
)

𝛽−1

                                                                                  (16) 321 



10 

 

where 𝜃0 is the scale parameter under no 𝑃𝑀 effort. 322 

By applying 𝑃𝑀 action through the PLC, we can show its effect on the failure distribution and its associated FRF 323 

and scale parameter. Let 𝑟𝑚(𝑡) and 𝜃𝑚  be the FRF and scale parameter under 𝑃𝑀 level 𝑚. By applying the constant 324 

maintenance effort 𝑚, the FRF of the Weibull distribution, i.e., 𝑟𝑚(𝑡) can be formulated as 325 

𝑟𝑚(𝑡) =
𝛽

𝜃𝑚
(

𝑡

𝜃𝑚
)

𝛽−1

                                     (17) 326 

Here, 𝛽 is the shape parameter and 𝜃𝑚 is the modified scale parameter under 𝑃𝑀 level 𝑚. Following Eq. 6, 𝜃𝑚 can be 327 

modeled as 328 

𝜃𝑚 = 𝜃0 (
𝑀

𝑀−𝑚
)                                                         (18) 329 

The objective is to find the optimal 𝑚∗which increase the 𝜃𝑚∗ and as a result, decrease the FRF i.e. 𝑟𝑚(𝑡), subject to the 330 

constraints as 331 

 0 ≤ 𝑚 < 𝑀                                                                                                              (19) 332 

In order to show the effect of 𝑃𝑀 level 𝑚 on FRF  𝑟𝑚(𝑡), take the first-order condition of 𝑟𝑚(𝑡) from Eq. 17 with respect 333 

to 𝑚 as 334 

𝜕𝑟𝑚(𝑡)

𝜕𝑚
= − (

𝛽2𝑡𝛽−1

𝜃0
𝛽𝑀𝛽

(𝑀 − 𝑚)𝛽−1)                        (20) 335 

The negative value of Eq. 20 clearly shows that that the FRF decreases with increasing the 𝑃𝑀 level 𝑚. 336 

Further, by using Eq. 18 into Eq. 7, the 𝑃𝑀 cost (i.e. 𝐶𝑚 ) can be modeled as 337 

 𝐶𝑚 = 𝑎 + 𝑏𝜃0 (
𝑀

𝑀−𝑚
)                                     (21) 338 

Following Eq. 12, the 𝑃𝑀 cost increases by increasing the 𝑃𝑀 level 𝑚.  339 

In the following sub-sections, we need to find a trade-off between 𝑃𝑀 level 𝑚 and the 𝑃𝑀 cost (i.e., 𝐶𝑚 ) in order 340 

to find the minimum optimal expected life-cycle cost for the consumer.  341 

4.2.1 Consumer’s expected product lifecycle (PLC) cost per unit under Option 𝑨 342 

By using the FRF of Eq. 16 into Eq. 8, the expected PLC cost under option 𝐴 is modeled as 343 

𝐶𝐴 = 𝐶𝑆𝑝 ∫
𝛽

𝜃0

𝑊

0
(

𝑡

𝜃0
)

𝛽−1

𝑑𝑡 + ((𝐶𝑅 + 𝐶𝑆)𝑝 + 𝐶𝑅(1 − 𝑝)) ∫
𝛽

𝜃0
(

𝑡

𝜃0
)

𝛽−1

𝑑𝑡 + 𝐶𝑟
𝐿

𝑊
               (22) 344 

After simplification of Eq. 22, we get 345 

𝐶𝐴 =  𝑝𝐶𝑆 (
𝑊

𝜃0
)

𝛽

+ (
𝑝𝐶𝑆+𝐶𝑅

𝜃0
𝛽 ) (𝐿𝛽 − 𝑊𝛽) + 𝐶𝑟                                   (23) 346 

As there is no 𝑃𝑀 effort under option 𝐴 that is why Eq. 23 is the final PLC cost function for the consumer.  347 

4.2.2 Consumer’s expected product lifecycle (PLC)  cost per unit under Option 𝑩 348 
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By using the FRF of Eq. 17 into Eq. 9, the expected PLC cost under option 𝐵 is given by 349 

𝐶𝐵 = 𝑝𝐶𝑆 ∫
𝛽

𝜃𝑚

𝑊

0
(

𝑡

𝜃𝑚
)

𝛽−1

𝑑𝑡 + (𝑝(𝐶𝑅 + 𝐶𝑆) + (1 − 𝑝)𝐶𝑅) ∫
𝛽

𝜃𝑚
(

𝑡

𝜃𝑚
)

𝛽−1

𝑑𝑡 + 𝐶𝑚𝐿 + 𝐶𝑟
𝐿

𝑊
       (24) 350 

By using the scale parameter of Eq. 18 and the 𝑃𝑀 cost of Eq. 21 into the above Eq. 24 and simplify further we have  351 

𝐶𝐵 =   (𝑝𝐶𝑆 (
𝐿

𝜃0
)

𝛽

+
𝐶𝑅(𝐿𝛽−𝑊𝛽)

𝜃0
𝛽 ) (

𝑀−𝑚

𝑀
)

𝛽

+ 𝑎𝐿 + 𝑏𝜃0𝐿 (
𝑀−𝑚

𝑀
)

−1

+ 𝐶𝑟               (25) 352 

The optimal 𝑃𝑀 level 𝑚∗ under Option 𝐵 can be characterized by proposition 1 as follows: 353 

Proposition 1. When the consumer applies the 𝑃𝑀 over the whole PLC, the optimal 𝑃𝑀 level 𝑚∗ is as follows: 354 

𝑚∗ = 𝑀 (1 − √
𝑏𝐿𝜃0

𝛽+1

𝛽(𝑝𝐶𝑆𝐿𝛽+𝐶𝑅(𝐿𝛽−𝑊𝛽))

𝛽+1

)          (26) 355 

The proof is presented as in the Appendix. 356 

Based on Proposition 1, we have the following corollary 1. 357 

Corollary 1. The increase in the damaging failure probability 𝑝, the penalty cost 𝐶𝑆 and minimal repair cost 𝐶𝑅 lead the 358 

maintenance level 𝑚∗ to the maximum level 𝑀. 359 

The proof is presented as in the Appendix. 360 

Corollary 1 is quite intuitive and shows that if the product is reliable and has a lower probability of damaging 361 

failure, then there is no need for intensive 𝑃𝑀. However, when the probability of damaging failure increases, which is 362 

very common in unreliable products or some sensitive products such as plants with hazardous substances or airline 363 

engines, then it is required to carry out 𝑃𝑀 at the maximum optimal level.  The same phenomenon applies to decide the 364 

level of 𝑃𝑀 𝑚∗ if the average penalty cost 𝐶𝑆  and the average repair cost 𝐶𝑅 of a product increase.  365 

Using the 𝑚∗from Eq. 26 into Eq. 25 provides the minimum optimal expected life cycle cost 𝐶𝐵
∗ under Option 𝐵 as 366 

follows 367 

𝐶𝐵
∗ = ((𝑝𝐶𝑆𝐿𝛽 + 𝐶𝑅(𝐿𝛽 − 𝑊𝛽) ) (

𝑏𝐿

𝛽(𝑝𝐶𝑆𝐿𝛽+𝐶𝑅(𝐿𝛽−𝑊𝛽))
)

𝛽
𝛽+1⁄

+ 𝐿(𝑎 + 𝑏) (
𝑏𝐿

𝛽(𝑝𝐶𝑆𝐿𝛽+𝐶𝑅(𝐿𝛽−𝑊𝛽))
)

−1
𝛽+1⁄

+ 𝐶𝑟  (27) 368 

4.2.3 Consumer’s expected product lifecycle (PLC) cost per unit under Option 𝑪 369 

By using the failure intensity function of Eq. 16 and Eq. 17 into Eq. 10, the expected PLC cost under option 𝐶 is given by 370 

𝐶𝐶 = 𝑝𝐶𝑆 ∫
𝛽

𝜃0

𝑊

0
(

𝑡

𝜃0
)

𝛽−1

𝑑𝑡 + (𝑝(𝐶𝑅 + 𝐶𝑆) + (1 − 𝑝)𝐶𝑅) ∫ (
𝛽

𝜃0
(

𝑊

𝜃0
)

𝛽−1

−
𝛽

𝜃𝑚
(

𝑊

𝜃𝑚
)

𝛽−1

+  
𝛽

𝜃𝑚
(

𝑡

𝜃𝑚
)

𝛽−1

) 𝑑𝑡 +
𝐿

𝑊
371 

𝐶𝑚(𝐿 − 𝑊) + 𝐶𝑟            (28)   372 

By using the scale parameter of Eq. 18 and the 𝑃𝑀 cost of  Eq. 21 into the above Eq. 28 and simplify further we have  373 
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𝐶𝐶 =
𝑝𝐶𝑆𝑊𝛽

𝜃0
𝛽 +

(𝐶𝑅+𝑝𝐶𝑆)

𝜃0
𝛽 [𝛽𝑊𝛽−1(𝐿 − 𝑊)(1 − 𝐾 ) + (𝐿𝛽 − 𝑊𝛽)𝑄] + (𝐿 − 𝑊)𝐵 + 𝐶𝑟   (29) 374 

where, 𝐾 = (
𝑀−𝑚

𝑀
)

𝛽

;  𝑄 = 𝑎 + 𝑏𝜃0 (
𝑀−𝑚

𝑀
)

−1

 375 

The optimal 𝑃𝑀 level 𝑚∗ under option 𝐶 can be characterized by proposition 2 as follows: 376 

Proposition 2. When the consumer applies the 𝑃𝑀 over the PWP of the product, the optimal 𝑃𝑀 level 𝑚∗ is as follows. 377 

𝑚∗ = 𝑀 (1 − √
𝑏(𝐿−𝑊)𝜃0

𝛽+1

(𝐶𝑅+𝑝𝐶𝑆)((𝐿𝛽−𝑊𝛽)−(𝐿−𝑊)𝛽)𝛽

𝛽+1

)       (30) 378 

The proof is presented as in the Appendix. 379 

For Proposition 2 we have the corollary 2 as follows: 380 

Corollary 2. The maintenance level 𝑚∗  leads to the maximum level 𝑀  with the increase in the damaging failure 381 

probability 𝑝, the minimal repair cost 𝐶𝑅, and the penalty cost 𝐶𝑆.  382 

See Appendix for the proof. 383 

Corollary 2 shows the same results as in corollary 1, where the consumer is required to carry out higher 𝑃𝑀 level if 384 

the product has a high probability of damaging failure 𝑝, or high minimal repair cost 𝐶𝑅 , or high penalty cost 𝐶𝑆. 385 

Using the 𝑚∗ of Eq. 30 into Eq. 29 provides the minimum optimal expected life cycle cost 𝐶𝐶
∗ under option 𝐶 as 386 

follows. 387 

𝐶𝐶
∗ =

𝑝𝐶𝑆𝑊𝛽

𝜃0
𝛽 +

(𝐶𝑅+𝑝𝐶𝑆)

𝜃0
𝛽 [𝛽𝑊𝛽−1(𝐿 − 𝑊)(1 − 𝑌 ) + (𝐿𝛽 − 𝑊𝛽)𝑌] + (𝐿 − 𝑊)𝑍 + 𝐶𝑟     (31) 388 

Where, 389 

𝑌 = 𝜃0
𝛽 (

𝑏(𝐿 − 𝑊)

(𝐶𝑅 + 𝑝𝐶𝑆)((𝐿𝛽 − 𝑊𝛽) − (𝐿 − 𝑊)𝛽)𝛽
)

𝛽
𝛽+1⁄

 390 

𝑍 = (
𝑏(𝐿 − 𝑊)𝜃0

𝛽+1

(𝐶𝑅 + 𝑝𝐶𝑆)((𝐿𝛽 − 𝑊𝛽) − (𝐿 − 𝑊)𝛽)𝛽
)

−1
𝛽+1⁄

 391 

In the next section, we carry out the computational analysis in order to compare the three maintenance options (𝐴, 392 

𝐵, 𝐶)  to choose the best one on the base of minimum PLC to the consumer. Also, the numerical experiment will analyze 393 

the impact of the multi-mode failure process with different probability on our proposed maintenance policies under 394 

options (𝐴, 𝐵, 𝐶). 395 

5. Numerical example 396 

The analytical models are solved to show the impact of the multi-mode failure process with different probability on our 397 

proposed maintenance policy under the given maintenance conditions and warranty. For this analysis, we can easily 398 

analyze empirically the reliability data of a product and find its parameters with the following information; where the 399 
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warranty period 𝑊 = 2(𝑦𝑒𝑎𝑟𝑠), PLC 𝐿 =  6 (𝑦𝑒𝑎𝑟𝑠), with Weibull distribution shape parameter 𝛽 =  3, and the scale 400 

parameter with no 𝑃𝑀 action 𝜃0  =  1.5, expected minimal repair cost 𝐶𝑅 = $5, the expected penalty cost 𝐶𝑆 = $20 and 401 

disposal cost at the end of PLC 𝐶𝑟 =  $250 to the consumer, while the upper limit of 𝑃𝑀, i.e., 𝑀=10, 𝑎 = 20, and 𝑏 =402 

30. 403 

By using our obtained analytical results from Eqs. 23, 27, and 31, the optimal expected PLC costs for the consumer 404 

under Options 𝐴, 𝐵, and 𝐶 with damaging failure probability 𝑝 varies from 0 to 1, are presented in Table 2. Table 2 405 

indicates that the optimal decision is option 𝐴 (i.e., no need for 𝑃𝑀 during WP and PWP) if the probability of damaging 406 

failure is between 0 and 0.2. When the probability of damaging failure gets higher, i.e., from 0.3 to 0.5, the optimal 407 

decision changes to option 𝐶. This means that if the damaging failure probability is comparatively higher, the optimal 408 

decision is to carry out 𝑃𝑀  only during the PWP. If the probability of damaging failure increases further, then the 409 

optimal decision diverts to option 𝐵, which implies that the consumer will have optimal minimum PLC cost if to carry 410 

out 𝑃𝑀 over the WP and PWP together.  411 

Table 2. Consumer’s expected lifecycle cost  ( 𝐶𝑋
∗ ) for options 𝑋 = 𝐴, 𝐵, 𝐶 [𝛽 =  3, 𝑝 is varying] 412 

𝑝 𝐶𝐴
∗ 𝐶𝐵

∗ 𝐶𝐶
∗ 

0 308.15 609.70 490.73 

0.1 436.15 654.13 553.72 

0.2 564.15 689.63 610.86 

0.3 692.15 719.50 664.29 

0.4 820.15 745.48 715.11 

0.5 948.15 768.58 764.01 

0.6 1076.15 789.44 811.40 

0.7 1204.15 808.51 857.59 

0.8 1332.15 826.12 902.79 

0.9 1460.15 842.51 947.16 

1 1588.15 857.84 990.82 

 413 

 414 

Figure 2. Consumer’s expected lifecycle cost ( 𝐶𝑋
∗ ) under options 𝑋 = 𝐴, 𝐵, 𝐶 [𝛽 =  3] 415 

The behavior of the optimal expected PLC costs is also mentioned in Figure 2, corresponding to Table 2. It is 416 

clearly mentioned that for a higher reliable product with a lower probability of damaging failure, i.e., (0 ≤ 𝑝 ≤ 0.2), 417 

Option 𝐴 shows the lower expected PLC cost, while for the product with a probability of damaging failure in middle 418 
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level, i.e., (0.3 ≤ 𝑝 ≤ 0.5) , Option  𝐶  shows the optimal minimum expected PLC cost. For unreliable or sensitive 419 

products (such as plants with hazardous substances or airline engines) with a higher probability of damaging failure, it is 420 

required to apply 𝑃𝑀over the whole PLC under Option 𝐵. 421 

 422 

The scale parameter (which refers to the meantime to failure) is a decision parameter in this study, and we found it 423 

analytically with detail analysis; however, we can also analyze the impact of shape parameter 𝛽 on our results where the 424 

shape parameter refers to the ageing effect of the product. In other words, a larger shape parameter implies the product is 425 

in old age. The results for the case when 𝛽 changes from 3 to 3.5 are shown in Table 3. These results indicate the 426 

importance of our proposed 𝑃𝑀 for the relatively aged product with a larger shape parameter 𝛽. The results show that 427 

there is no need for 𝑃𝑀 only if the damaging failure probability is zero. If the damaging failure probability gets higher 428 

and varies from 0.1 to 0.3, i.e., (0.1 < 𝑝 ≤ 0.3), then option 𝐶  gives the minimum PLC cost. Furthermore, if the 429 

damaging failure probability gets higher, i.e., (0.3 ≤ 𝑝 ≤ 1), it is optimal for the consumer to apply 𝑃𝑀 over the whole 430 

PLC as in option 𝐵. The behavior of the optimal expected PLC costs is also mentioned in Figure 3, corresponding to 431 

Table 3. 432 

Table 3. Consumer’s expected lifecycle cost ( 𝐶𝑋
∗ ) for options 𝑋 = 𝐴, 𝐵, 𝐶 [𝛽 =  3.5, 𝑝 is varying] 433 

𝑝 𝐶𝐴
∗ 𝐶𝐵

∗ 𝐶𝐶
∗ 

0 626.31 672.9 565.14 

0.1 882.31 716.6 639.16 

0.2 1138.31 751.4 707.06 

0.3 1394.31 780.5 771.08 

0.4 1650.31 805.7 832.42 

0.5 1906.31 828.0 891.77 

0.6 2162.31 848.1 949.58 

0.7 2418.31 866.5 1006.16 

0.8 2674.31 883.3 1061.74 

0.9 2930.31 899.0 1116.47 

1 3186.31 913.6 1170.48 

 434 

 435 

Figure 3. Consumer’s expected product lifecycle cost ( 𝐶𝑋
∗ ) under options 𝑋 = 𝐴, 𝐵, 𝐶 [𝛽 =  3.5] 436 
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By comparing Table 2 and Table 3, it can be observed clearly that for the product with shape parameter  𝛽 = 3 ,   437 

the 𝑃𝑀 under option  𝐵  (apply 𝑃𝑀  over the whole lifecycle) is required if the damaging failure probability is 0.6, 438 

whereas, when the shape parameter increases, i.e., 𝛽 = 3.5, then the 𝑃𝑀 under option 𝐵 is required if the damaging 439 

failure probability is only 0.4. It implies that the aged product requires higher 𝑃𝑀 at lower damaging failure probability 440 

as compared to the relatively younger product. This phenomenon can be further explained with Table 4.  441 

Table 4. Percentage change of the expected product lifecycle cost ( 𝐶𝑋
∗ ) at 𝛽 = 3.5 and 𝛽 = 3 respectively for options 442 

𝑋 =  𝐴, 𝐵, 𝐶 443 

𝑝 

𝐶𝑋
∗ (𝛽 =  3.5) 𝐶𝑋

∗ (𝛽 =  3) 𝐶𝑋−
∗ = (

𝐶𝑋
∗ (𝛽=3.5) − 𝐶𝑋

∗ (𝛽=3)

𝐶𝑋
∗ (𝛽=3)

) 100% 

𝐶𝐴
∗ 𝐶𝐵

∗ 𝐶𝐶
∗ 𝐶𝐴

∗ 𝐶𝐵
∗ 𝐶𝐶

∗ 𝐶𝐴−
∗ 𝐶𝐵−

∗ 𝐶𝐶−
∗ 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 
 

626.31 

882.31 

1138.31 

1394.31 

1650.31 

1906.31 

2162.31 

2418.31 

2674.31 

2930.31 

3186.31 
 

672.86 

716.61 

751.36 

780.47 

805.68 

828.01 

848.12 

866.45 

883.33 

898.99 

913.63 
 

565.15 

639.17 

707.06 

771.09 

832.43 

891.78 

949.59 

1006.17 

1061.74 

1116.47 

1170.49 
 

308.15 

436.15 

564.15 

692.15 

820.15 

948.15 

1076.15 

1204.15 

1332.15 

1460.15 

1588.15 
 

609.70 

654.13 

689.63 

719.50 

745.48 

768.58 

789.44 

808.51 

826.12 

842.51 

857.84 
 

490.73 

553.72 

610.86 

664.29 

715.11 

764.01 

811.40 

857.59 

902.79 

947.16 

990.82 
 

103.25% 

102.30% 

101.78% 

101.45% 

101.22% 

101.06% 

100.93% 

100.83% 

100.75% 

100.69% 

100.63% 
 

10.36% 

9.55% 

8.95% 

8.47% 

8.08% 

7.73% 

7.43% 

7.17% 

6.92% 

6.70% 

6.50% 
 

15.16% 

15.43% 

15.75% 

16.08% 

16.40% 

16.72% 

17.03% 

17.33% 

17.61% 

17.88% 

18.13% 
 

 444 

In Table 4, we have shown the percentage change (𝐶𝑋−
∗) between the optimal PLC cost 𝐶𝑋

∗ of a product for two 445 

cases when  𝛽 = 3.5 and 𝛽 = 3 respectively, under the 𝑃𝑀 with options 𝑋 =  𝐴, 𝐵, 𝐶. The 𝐶𝑋−
∗ can be calculated by the 446 

difference of the PLC cost 𝐶𝑋
∗ of a product at  𝛽 = 3.5 and 𝛽 = 3 respectively, divided by the 𝐶𝑋

∗ of a product at  𝛽 = 3. 447 

The positive percentage change of PLC cost 𝐶𝑋−
∗ under options, 𝑋 =  𝐴, 𝐵, 𝐶 means that the product with higher shape 448 

parameter 𝛽 has a higher lifecycle cost as compared to the product with a lower shape parameter. It can also be observed 449 

that the percentage change under 𝑃𝑀 option 𝐵 (𝐶𝐵−
∗) is the lowest while the percentage change under 𝑃𝑀 option 𝐴 (𝐶𝐴−

∗) 450 

is the highest. These observations imply that the aging impact (shape parameter 𝛽) significantly increases the PLC cost 451 

when the product is under no 𝑃𝑀. At the same time, the aging impact is relatively lower on the PLC cost when the 452 

product is under 𝑃𝑀 over the PWP, and the aging impact is the lowest on the PLC cost under  𝑃𝑀 over the whole PLC. 453 

Along with this, it can also be seen that with the increase in damaging failure probability, the percentage changes in the 454 

PLC cost under option 𝐴 and option 𝐶 are increasing, whereas the percentage change in the PLC cost under option 𝐵 is 455 

decreasing.  456 

6. Practical Implication to product consumers and operations managers 457 

The product consumers and operations managers should incorporate the multi-mode failure process in the estimation of 458 

the lifecycle cost of a product, machine, or any other facility. Also, there should be an appropriate maintenance plan to 459 

control the long term lifecycle cost due to product uncertain failure and side by side to improve product reliability. As 460 

different products have different reliability levels, and some of them are under the support of warranty; therefore, there is 461 
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a need for appropriate maintenance policy options to apply for different products under different conditions. Hence, 462 

considering such a complex situation where the product is under warranty and fails with multi-mode, the managers and 463 

product consumers are encouraged to understand the following aspects of this study for achieving the optimal 464 

maintenance policy.  465 

• It is suggested to apply the 𝑃𝑀  at the maximum level for the products having the highest damaging failure 466 

probability, the highest minimal repair cost, and the highest penalty cost. 467 

• For any complex facility which is under warranty and subjects to multi-mode failure process, there should be at least 468 

three different maintenance policies options such as options 𝐴, 𝐵,  and 𝐶 of this paper. After the proper cost analysis 469 

as already proposed in this study, if the probability of damaging failure is at a lower level, there should not need of 470 

any 𝑃𝑀 (i.e., maintenance policy of option 𝐴 in this study). When the probability of damaging failure gets higher, 471 

there should be a need for 𝑃𝑀 only in the PW period (i.e., maintenance policy of option 𝐶). Furthermore, if the 472 

probability of damaging failure increases to the highest level, the managers or product consumers should apply 𝑃𝑀 473 

over the whole PLC (i.e., maintenance policy of option 𝐵).  474 

• For unreliable or sensitive products such as plants with hazardous substances or airline engines, it is required to 475 

apply 𝑃𝑀over the whole PLC, such as option 𝐵 in our study.  476 

• It is suggested to find the shape parameter by using the empirical analysis of the failure data of a product. The 477 

product with a larger shape parameter implies the aged product. It is suggested to apply a higher 𝑃𝑀 level even at 478 

lower damaging failure probability for the aged product as compared to the relatively younger product.  479 

7. Conclusion  480 

In this paper, we suggested preventive maintenance (𝑃𝑀) approach from the consumer’s perspective for a product that is 481 

under warranty and subjects to a multi-mode failure process. The multi-mode failure is either light failure or damaging 482 

failure, which is caused by a random FRF with different probabilities. We incorporated the 𝑃𝑀 for a product during WP 483 

and PWP, which may have a significant impact on the FRF and the probability of damaging failure. Under this suggested 484 

𝑃𝑀  approach, the probabilistic FRF of a product is reduced by increasing the scale parameter of a given failure 485 

distribution. First, we modeled the scale parameter for a general failure distribution, and then we extend the model by 486 

modifying the scale parameter of well-known Weibull distribution. The increase in scale parameter was carried out by 487 

deciding the optimal 𝑃𝑀 level. We found the close form analytically for the 𝑃𝑀 level and discussed the different levels 488 

of 𝑃𝑀 by varying the damaging failure probability. The optimal 𝑃𝑀 level minimized the PLC cost supported by a fixed 489 

WP. We also proposed different 𝑃𝑀 policies for consumers under the name of options (𝐴, 𝐵, 𝐶) such that to implement 490 

our proposed maintenance model for the optimal minimum PLC cost decision. The analytical results showed that for a 491 

product with a higher damaging failure probability, higher penalty cost due to damaging failure, and higher repair cost, 492 

there is required a higher level of 𝑃𝑀 such that to attain the lower optimal PLC cost. The numerical results show the 493 

comparison of proposed maintenance polices such that for a higher damaging failure probability, a maintenance policy 494 

with more 𝑃𝑀 is chosen. 495 

This paper may have many limitations and can be extended further in several ways. First of all, considering a 496 

complex product with warranty coverage, random FRF, and multi-mode probabilistic failure bring mathematical 497 

complexity, and that is why we consider a single decision variable of 𝑃𝑀 level. However, having this study as a base 498 

model, someone can study an additional decision variable, such as 𝑃𝑀 schedule. Moreover, we study our model only 499 

from the consumer’s perspective and considered constant WP. However, the model can be studied by showing the impact 500 

of 𝑃𝑀 level from the consumer’s side on the manufacturer’s WP. The objective may be to find the optimal WP, which 501 

may be longer if the consumer provides more effort in 𝑃𝑀. This will be a win-win situation for both parties such that the 502 

manufacturer will get benefit from the consumer’s 𝑃𝑀 effort by facing lower failures during WP, whereas the consumer 503 

will get the benefit of getting longer WP. In addition, we have modeled the study for NFRW. However, the analysis can 504 

be further studied for another type of warranty policies such as renewing warranty and pro-rata warranty policy. 505 
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Appendix  615 

Proof of Proposition 1. By taking the first-order condition (FOC) and second-order condition (SOC) of Eq. 25. 616 

𝜕𝐶𝐵𝐵

𝜕𝑚
=

−𝐶𝑆𝑝𝛽(𝑀−𝑚)𝛽−1𝐿𝛽

𝜃0
𝛽𝑀𝛽

−
𝐶𝑅𝛽(𝑀−𝑚)𝛽−1

𝜃0
𝛽𝑀𝛽

(𝐿𝛽 − 𝑊𝛽) +
𝑏𝐿𝜃0𝑀

(𝑀−𝑚)2                                                       -1 617 

𝜕2𝐶𝐵𝐵

𝜕𝑚2 =
𝐶𝑆𝑝𝛽(𝛽−1)(𝑀−𝑚)𝛽−2𝐿𝛽

𝜃0
𝛽𝑀𝛽

+
𝐶𝑅𝛽(𝛽−1)(𝑀−𝑚)𝛽−2

𝜃0
𝛽𝑀𝛽

(𝐿𝛽 − 𝑊𝛽) +
2𝑏𝐿𝜃0𝑀

(𝑀−𝑚)3                                        -2 618 

Which is convex in 𝑚. By rearranging the Eq. -1 we get 𝑚∗in Eq. 26.  619 

Proof of Corollary 1. 620 

By taking the FOC of Eq. 26 with respect to 𝑝, we get  621 

𝜕𝑚∗

𝜕𝑝
= 

𝑀𝐿𝛽𝐶𝑆𝜃0𝛽

𝛽+1
√

𝑏𝐿

(𝑝𝐶𝑆𝐿𝛽+𝐶𝑅(𝐿𝛽−𝑊𝛽))𝛽+2

𝛽+1
                                                                                            -3 622 

Similarly, by taking the FOC for Eq. 26 with respect to 𝐶𝑆 and 𝐶𝑅 respectively, we get 623 
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𝜕𝑚∗

𝜕𝐶𝑆
= 

𝑀𝐿𝛽𝜃0𝛽𝑝

𝛽+1 √
𝑏𝐿

(𝑝𝐶𝑆𝐿𝛽+𝐶𝑅(𝐿𝛽−𝑊𝛽))
𝛽+2

𝛽+1
                                                                                              -4 624 

𝜕𝑚∗

𝜕𝐶𝑅
= 

𝑀𝜃0(𝐿𝛽−𝑊𝛽)

𝛽+1 √
𝑏𝐿

(𝑝𝐶𝑆𝐿𝛽+𝐶𝑅(𝐿𝛽−𝑊𝛽))
𝛽+2

𝛽+1
                                                                                        -5 625 

Which shows clearly that by increasing the value of  𝑝, 𝐶𝑆 and 𝐶𝑅; the level of 𝑃𝑀 𝑚∗ increases.  626 

Proof of Proposition 2. By taking the FOC for Eq. 29.  627 

𝜕𝐶𝐵𝐶

𝜕𝑚
= (𝑝𝐶𝑆 + 𝐶𝑅) [

𝛽(𝑀−𝑚)𝛽−1

𝜃0
𝛽𝑀𝛽

((𝐿 − 𝑊)𝛽 − (𝐿𝛽 − 𝑊𝛽))] + 𝑏(𝐿 − 𝑊) (
𝜃0𝑀

(𝑀−𝑚)2)                           -6 628 

= (𝑝𝐶𝑆 + 𝐶𝑅) [−
𝛽(𝑀−𝑚)𝛽−1

𝜃0
𝛽𝑀𝛽

((𝐿𝛽 − 𝑊𝛽) − (𝐿 − 𝑊)𝛽)] + 𝑏(𝐿 − 𝑊) (
𝜃0𝑀

(𝑀−𝑚)2)                                 -7 629 

Here      (𝐿𝛽 − 𝑊𝛽) > (𝐿 − 𝑊)𝛽                                                                                                                    - 7.1 630 

Proof:        𝐿𝛽 − 𝐿𝛽 > 𝑊𝛽 − 𝑊𝛽 631 

         Let say 632 

𝑓(𝐿) = 𝐿𝛽 − 𝐿𝛽 633 

𝑓′(𝐿) = 𝛽(𝐿𝛽−1 − 1) > 0 as 𝛽 > 1 , 𝐿 > 1 𝑎𝑛𝑑 𝐿 > 𝑊.  634 

Hence proofed. 635 

 636 

Now by taking the SOC for Eq. 28. 637 

 638 

𝜕2𝐶𝐵𝐶

𝜕𝑚2 = (𝑝𝐶𝑆 + 𝐶𝑅) [
𝛽(𝛽−1)(𝑀−𝑚)𝛽−2

𝜃0
𝛽𝑀𝛽

((𝐿𝛽 − 𝑊𝛽) − (𝐿 − 𝑊)𝛽)] + 3𝑏(𝐿 − 𝑊) (
𝜃0𝑀

(𝑀−𝑚)3)                      -8  639 

 640 

Which is convex in 𝑚 and by rearranging Eq. -4 we get 𝑚∗ of Eq. 30.  641 

Proof of Corollary 2. 642 

Similarly as in Corollary 1 proof; by taking the FOC of Eq. 30, with respect to 𝑝, 𝐶𝑆 and 𝐶𝑅, it can also be shown that 643 

with increasing the value of  𝑝, 𝐶𝑆 and 𝐶𝑅, the value of 𝑚∗ increases.  644 

 645 

 646 


