
 

UWS Academic Portal

Square well/barrier resonances in the potentiodynamic plane

Meeten, R.P.; Morozov, G.V.

Published in:
Physics Letters A

DOI:
10.1016/j.physleta.2020.126691

Published: 28/09/2020

Document Version
Peer reviewed version

Link to publication on the UWS Academic Portal

Citation for published version (APA):
Meeten, R. P., & Morozov, G. V. (2020). Square well/barrier resonances in the potentiodynamic plane. Physics
Letters A, 384(27), [126691]. https://doi.org/10.1016/j.physleta.2020.126691

General rights
Copyright and moral rights for the publications made accessible in the UWS Academic Portal are retained by the authors and/or other
copyright owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with
these rights.

Take down policy
If you believe that this document breaches copyright please contact pure@uws.ac.uk providing details, and we will remove access to the
work immediately and investigate your claim.

Download date: 23 May 2023

https://doi.org/10.1016/j.physleta.2020.126691
https://uws.pure.elsevier.com/en/publications/810b5292-b4a4-477d-9818-f4ebd3f4d9d6
https://doi.org/10.1016/j.physleta.2020.126691


 

UWS Academic Portal

Square well/barrier resonances in the potentiodynamic plane

Meeten, Ryan P; Morozov, Gregory V

Published in:
Physics Letters A

Published: 28/09/2020

Link to publication on the UWS Academic Portal

Citation for published version (APA):
Meeten, R. P., & Morozov, G. V. (2020). Square well/barrier resonances in the potentiodynamic plane. Physics
Letters A, 384(27), [126691].

General rights
Copyright and moral rights for the publications made accessible in the UWS Academic Portal are retained by the authors and/or other
copyright owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with
these rights.

Take down policy
If you believe that this document breaches copyright please contact pure@uws.ac.uk providing details, and we will remove access to the
work immediately and investigate your claim.

Download date: 06 Jul 2020

https://myresearchspace.uws.ac.uk/portal/en/publications/square-wellbarrier-resonances-in-the-potentiodynamic-plane(810b5292-b4a4-477d-9818-f4ebd3f4d9d6).html


Square Well/Barrier Resonances in the Potentiodynamic Plane

R. P. Meeten and G. V. Morozov∗

Scottish Universities Physics Alliance (SUPA), Institute of Thin Films,
Sensors and Imaging, University of the West of Scotland

(Dated: July 3, 2020)

The complex wave number plane equips us with an elegant mathematical construct which can
be used to display and classify the different types of states which arise from solution of the time-
independent Schrödinger equation for a quantum mechanical potential. The complex wave number
plane is also useful for tracking the trajectories of these solutions as the potential is perturbed in
some way, often resulting in profound dynamical structure. In this work we propose an alternative
coordinate system, which we call the potentiodynamic plane, which has the useful property that the
trajectories stay bounded, and apply this to the square well potential to reveal some new insights.

I. INTRODUCTION

Resonances and resonant phenomena appear in many
branches of mathematics, physics, and engineering. They
are especially important in the fields of semiconductor
nanostructures, microcavity lasers, and biosensing, see
Refs. [1–4].
In quantum mechanics the concept of a resonant state

(resonance) is a natural extension of the idea of a bound
state. It was introduced in Refs. [5, 6] and it is some-
times referred as the Gamow vector. The coordinate
parts of resonant states ψn(r) are solutions of the time-
independent Schrödinger equation,

[−∆+ V (r)]ψ(r) = Eψ(r) (1)

with complex eigenvalues

En = En − 1

2
iΓn, Γn > 0 , (2)

on which the outgoing boundary conditions are imposed,
see Eqs. (5, 6) for details. The overall wave functions
Ψn(r, t) of resonant states decay in time in accordance
with

Ψn(r, t) = ψn(r) exp(−iEnt) exp(−Γn/2t) . (3)

In obeyance with time-reversal invariance, the above
resonant states should be accompanied by another set of
solutions of Eq. (1), which have the form ψ−n(r) = ψ∗

n(r),
with the corresponding eigenvalues E−n = E∗

n, and the
overall wave functions Ψ−n(r, t) = Ψ∗

n(r,−t), i.e.

E−n = En +
1

2
iΓn, Γn > 0 ,

Ψ−n(r, t) = ψ∗

n(r) exp(−iEnt) exp(Γn/2t) .
(4)

These states grow in time and are often referred as an-
tiresonant states (antiresonances). In the above and
further in this paper, Rydberg units, i.e. ~ = 1 and
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m = 1/2, where m is the particle mass (for example,
the effective mass of an electron in a semiconductor) are
used.
As mentioned, the states given by Eqs. (3) are indeed

resonant states, provided that ψn(r) satisfy the outgo-
ing boundary conditions. To impose these conditions,
it is convenient to characterize the resonant states by
the complex eigenwavenumber kn = αn + i βn, where
αn = Re(kn) and βn = Im(kn), related to the complex
energy En as

En = k2n = α2

n − β2

n + 2iαnβn. (5)

The outgoing boundary conditions select from a pool of
functions ψn(r), satisfying Eq. (1), only those obeying

ψn(r) ∼ eiαnr e−βnr, αn > 0, r → ∞. (6)

The resonant states ψn(r) have then βn < 0 as Γn > 0
in Eq. (2), i.e. their eigenwavenumbers kn are located in
the fourth quadrant of the complex wave number plane.
The states are not orthogonal and not normalizable in
the usual way, see Refs. [7–9].
The antiresonant states ψ−n(r) = ψ∗

n(r) satisfy the
asymptotic condition

ψ−n(r) ∼ e−iαnr e−βnr, r → ∞. (7)

Their eigenwavenumbers k−n = α−n+ iβ−n = −αn+ iβn
are located in the third quadrant of the complex wave
number plane.
A special case αn = 0 corresponds to real negative en-

ergies En = En = −β2

n < 0. It includes either the bound
states with βn > 0 and coordinate wave functions ψn(r)
vanishing far from the potential, or antibound states with
βn < 0 and purely growing functions ψn(r) outside of the
potential.
As one can see, we defined the resonant/antiresonant

states as explicit solutions of the Schrödinger equation
with complex eigenvalues and eigenfunctions subject to
the boundary conditions given by Eqs. (6, 7). This is
an approach illustrated in Refs. [8–11]. Another way to
introduce these states is to associate them with the poles
of the outgoing Green’s function, see Refs. [8, 9], or with
the poles of the scattering matrix S, see Refs. [12, 13].
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The purpose of this paper is to understand how the
resonant/antiresonant states evolve, develop and possi-
bly transform into bound states of a quantum mechan-
ical system. This is an interesting and useful exercise,
especially in the context of a newly-adopted resonant-
state expansion method, see Refs. [14–17]. The com-
plex wave number plane provides one option of a natu-
ral setting in which to pursue this, see Refs. [11–13, 18]
for the 1D quantum problem and Refs. [19, 20] for the
2D quantum problem. In this paper, however, using a
square well/barrier as an example, we present an alter-
native complex plane, which we call the potentiodynamic

wave number coordinate system. In this plane we can
learn more about the behavior of the full spectrum of
eigenstates of Eq. (1), especially in the limit of large
potentials. As a result, the square well/barrier poten-
tial system will serve as a proof of concept for potentio-
dynamic coordinates before applying the technique in a
more complicated setting where special functions often
feature, obfuscating the details.

II. RESONANT STATES OF SQUARE WELL

POTENTIAL

The square well potential of width 2a is defined as

V (z) =

{

0, |z| > a,

−V0, |z| < a,
(8)

where V0 > 0. Eq. (1) takes the form

ψ
′′

(z) + k2ψ(z) = 0, k =
√
E , |z| > a,

ψ
′′

(z) + κ2ψ(z) = 0, κ =
√

k2 + V0, |z| < a,
(9)

where all three parameters involved, E , k, and κ, have
in general complex values. A general solution of Eq. (9)
can be represented as

ψ(z) = A exp (ikz) +B exp (−ikz), z < −a,
ψ(z) = F cos(κz) +G sin(κz), −a < z < a,

ψ(z) = C exp (ikz) +D exp (−ikz), z > a.

(10)

The boundary conditions given by Eqs. (6, 7), where for
the 1D case, r should be replaced by z, require A =
D = 0. Further, the continuity requirements for ψ(z)

and ψ
′

(z) at the points z = −a and z = a lead to the
complex transcendental equation

2kκ cos (2κa)− i(k2 + κ2) sin (2κa) = 0, (11)

whose solutions are the complex eigenwavenumbers k±n

of the corresponding resonant/antiresonant states. The
above transcendental equation can also be written in the
form

tan(2κa) + i
2(ka)(κa)

(ka)2 + (κa)2
= 0, (12)

or

[

tan(κa) + i
ka

κa

]

[

tan(κa) + i
κa

ka

]

= 0. (13)

We should note that since for a square well potential
V (z) = V (−z), a general solution of Eq. (9) can be repre-
sented as a superposition of a symmetric solution ψ1(z) =
ψ1(−z) and an antisymmetric one ψ2(z) = −ψ2(−z).
It then happens that solutions corresponding to reso-
nant/antiresonant states, see Eqs. (10) with A = D = 0,
are either symmetric or antisymmetric. In particular, the
symmetric resonant/antiresonant state ψs

±n is

ψs
±n(z) =











exp(−ik±nz), z < −a,
F cos(κ±nz), −a < z < a,

exp(ik±nz), z > a,

(14)

with the corresponding eigenwavenumber k±n deter-
mined by the first factor in Eq. (13). The antisymmetric
resonant/antiresonant state ψa

±n is

ψa
±n(z) =











exp(−ik±nz), z < −a,
G sin(κ±nz), −a < z < a,

− exp(ik±nz), z > a,

(15)

with the corresponding eigenwavenumber k±n deter-
mined by the second factor in Eq. (13).
At this point we should reiterate that for the bound

states the wavenumber k = α+iβ is restricted to the sub-
set of positive imaginary values. As the energies of the
bound states satisfy the condition E = E = −β2 > −V0,
the parameter κ =

√
k2 + V0 takes positive real values.

Then, Eq. (13) is reduced to the two well-known con-
ditions, κa tanκa = βa and κa cotκa = −βa, where
κ2 + β2 = V0, for the even and odd bound states re-
spectively, see, for example, Refs. [21, 22].
As mentioned in the introduction, another way to find

resonant/antiresonant states is to build the scattering S-
matrix and identify its poles. In general, the S-matrix of
an arbitrary 1D potential with the compact support (the
potential is zero outside of a finite interval) is given by

S =

[

rL t

t rR

]

, (16)

where rL is the reflection coefficient for left incidence, rR
is the reflection coefficient for the right incidence, and
tL = tR ≡ t is the transmission coefficient.
To find the left scattering solution for the square well

potential, i.e. rL and tL = t, one should put A = 1,
B = rL, C = tL, and D = 0 in the general solution
given by Eq. (10), and apply continuity requirements at
z = ±a. To find the right scattering solution, i.e. rR
and tR = t, one should put D = 1, C = tR, B = rR, and
A = 0 in Eq. (10), and apply continuity requirements at
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z = ±a again. This will lead to

rL = rR =
−i(k2 − κ2) sin(2κa)

2kκ cos(2κa)− i(k2 + κ2) sin(2κa)
,

t =
2kκ

2kκ cos(2κa)− i(k2 + κ2) sin(2κa)
.

(17)

We should note that scattering solutions do not have any
particular symmetry. As expected, the poles of the S-
matrix are given by Eqs. (11) - (13).

III. FLOWS

In this section, first, we numerically solve Eq. (11) to
find the locations of the resonances/antiresonances k±n

in the complex wave number (ka) plane and then follow
their trajectories in response to varying the depth of the
well. The trajectories traced out in this procedure are
known as flows, and a plot of all flows we call the flow

portrait. As mentioned in the introduction, in this paper
we also intend to reveal new features of flow behavior
using an alternative (potentiodynamic) complex plane.
For a square well potential we define potentiodynamic

coordinates as Re(κa), Im(κa), where

κa =
√

k2 + V0 a . (18)

Thus, we also follow the trajectories of the solutions of
Eq. (11) in the complex potentiodynamic coordinates
(κa) in response to varying the depth of the well. What
emerges is a deep insight into the connection between the
different types of states, and their interconversion.

FIG. 1. Complex eigenwavenumbers of the eigenstates of the
square well potential of width 2a for two fixed values of po-
tential depth V0.

We begin our analysis by finding solutions of Eq. (11)
for two relatively shallow wells of V0 = 0.1 and V0 = 0.5.
The results are shown in Fig. 1. All four possible kinds
of eigenstates mentioned earlier (bound states, antibound
states, resonances, and antiresonances) are encountered.
We should note that the square root function in Eq. (18)
is a double-valued one. To choose the proper values (the
proper Riemann sheet) for the potentiodynamic coordi-
nates κa, we will use the condition

κa→ ka , V0 → 0. (19)

In Fig. 2 we analyze the flows which originate from
bound and antibound states of infinitesimally shallow
wells. It is known that there always exists a bound
state (the ground bound state) for an arbitrarily shallow
square well potential; as the well is deepened the ground
bound state moves up, see the right flow on the upper
panel of Fig. 2. The limit values of eigenwavenumbers kg
of ground bound states are then

kg a→ 0, V0 → 0, kg a→ i∞, V0 → ∞. (20)

On the negative imaginary axis there are antibound
states; as the well is deepened the antibound state also
moves up and eventually becomes the first excited bound
state, see the left flow on the upper panel of Fig. 2. The
limit values of eigenwavenumbers ka of (originally) anti-
bound states are then

ka a→ −i∞, V0 → 0, ka a→ i∞, V0 → ∞. (21)

The corresponding flows in κa coordinates are shown on
the lower panel of Fig. 2. The flow of ground bound states
is on the positive real axis within the interval given by
0 < κg a < π/2, and the limit values are

κg a→ 0, V0 → 0, κg a→ π/2, V0 → ∞. (22)

The flow of antibound states in κa coordinates goes ini-
tially along the negative imaginary axis, but turns onto
the positive real axis at the origin κaa = 0 (where
kaa = −i), and later at the point κaa = π/2 (where
kaa = 0) becomes the first excited bound state. The
corresponding limit values are then

κa a→ −i∞, V0 → 0, κa a→ π, V0 → ∞. (23)

In Fig. 3 we illustrate the behavior of the flows which
originate from resonant/antiresonant states of infinites-
imally shallow wells. The starting points of the flows
in the wave number plane, i.e. the limit values of their
eigenwavenumbers km and k−m in the opening limit, are

k±ma→ ±mπ/2− i∞, V0 → 0, m = 1, 2, . . . . (24)

The corresponding resonance/antiresonance pairs coa-
lesce at the attractor ka = −i, see the upper panel
of Fig. 3. This leads to the creation of two antibound
states: one of which moves up along the imaginary axis,
becomes bound, and goes further up towards i∞; the
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FIG. 2. Flows of the ground bound state and first antibound
state (which becomes the first excited bound state) as V0 is
deepened beginning from effectively zero depth. In ka co-
ordinates [upper panel], the flow of the ground bound state
starts at the origin and goes to (0,+i∞). In κa coordinates
[lower panel], the corresponding flow starts at the origin and
goes to (π/2, 0). In ka coordinates [upper panel], the flow of
the first antibound state (leading to the first excited bound
state) starts at (0,−i∞) and goes to (0,+i∞). In κa coordi-
nates [lower panel], the corresponding flow starts at (0,−i∞),
turns onto the positive real axis, converts into the first excited
bound state at (π/2, 0), and goes along the positive real axis
to (π, 0). The limit points of the flows in κa coordinates for
V0 → ∞ are shown as crosses and occur at at (π/2, 0) and
(π, 0). Note that the flows are offset from the relevant axes
to reveal the presence of two flows where they coincide.

FIG. 3. Coalescence of the first and second resonance and
antiresonance flows occurs at the attractor −i in the ka plane
[upper panel]. The limit points of the first and second reso-
nance flows in κa coordinates [lower panel] for V0 → ∞ are
shown as crosses and occur at (3π/2, 0) and (2π, 0). The limit
points of the first and second antiresonance flows in κa coor-
dinates for V0 → ∞ are also shown as crosses and occur at
(−π/2, 0) and (−π, 0) respectively. Note that the flows in
upper panel are offset from the vertical axes to reveal the
presence of two flows there.

other one goes down along the imaginary axis towards
−i∞. Therefore, none of these flows remain bounded in
the wave number plane when V0 → ∞.
The starting points of the resonance/antiresonance

flows in κa coordinates in the opening limit, see lower
panel in Fig. 3, are the same as in ka coordinates, see
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Eq. (19), i.e.

κ±ma→ ±mπ/2− i∞, V0 → 0, m = 1, 2, . . . . (25)

The flows reach the real axis at the points defined by the
real-valued solutions of equation

[ tan(κa) + 1/κa ] [ tan(κa)− κa ] = 0, (26)

which follow from Eq. (13), where we took into account
that ka = −i. Then, the antibound state generated from
the m-th antiresonance flow moves to the right along the
real axis towards −mπ/2, i.e.

κ−ma→ −mπ

2
, V0 → ∞, (27)

while the antibound state generated from the m-th reso-
nance becomes bound upon crossing the point (m+1)π/2
and goes further to the right towards (m+ 2)π/2, i.e.

κma→ (m+ 2)
π

2
, V0 → ∞. (28)

In particular, the first resonance flow reaches the real
axis at the point κa ∼= 2.798. Then, a newly created
antibound state moves to the right, becomes a bound
state upon crossing the point κa = π, and goes towards
κa = 3π/2 when V0 → ∞. The second resonance flow
reaches the real axis at the point κa ∼= 4.493. Then, a
newly created antibound state moves to the right, be-
comes a bound state upon crossing the point κa = 3π/2,
and goes towards κa = 2π when V0 → ∞.

Overall, transformation to the potentiodynamic plane
results in a bounding of all the flows when V0 → ∞, with
the limiting values being integer multiples of π/2 on the
real axis. The fact that the flows are bounded for ar-
bitrarily deep wells in the potentiodynamic plane makes
it a useful tool not only for determining the asymptotic
behavior of the states, but also for comparing the finite
well with the infinite analogue. Such a comparison is
usually done, see, for example, Ref. [22], by making an
upward shift of the zero energy level by V0, i.e. trans-
forming the potential given by Eq. (8) into V (z) = V0 for
|z| > a and V (z) = 0 for |z| < a, and resolving the cor-
responding transcendental equations with V0 → ∞ for
real-valued energies E . Here, using that for V0 → ∞,
the corresponding bound state κ eigenvalues are given
by κg a → π/2, κa a → π, and κma → (m + 2)π/2, see
Eqs. (22, 23, 28), we immediately obtain the results for
the bound state energies of the infinite square well of
width 2a in the form

En = −V0 +
n2π2

(2a)2
, n = 1, 2 . . . (Rydberg units),

En = − ~
2

2m
V0 +

n2π2
~
2

2m(2a)2
(normal units).

(29)

IV. SQUARE BARRIER

To complete considerations of 1D square potentials,
we also treat the case of a 1D square barrier, which is

FIG. 4. Flow portraits of the resonances of the square barrier
in the ka (upper panel) and in the κa (lower panel) planes.
The limit points of the resonance and antiresonance flows in
κa coordinates for V0 → ∞ are shown as crosses and occur at
(mπ/2, 0) and (−mπ/2, 0) respectively.

actually much simpler to interpret. The square barrier
potential of width 2a is defined as

V (z) =

{

0, |z| > a,

V0, |z| < a, V0 > 0.
(30)

To find and analyze its resonances one needs to follow
all steps in Section II. In particular, Eqs. (9) - (17) are
also applicable to the barrier case, if the potentiodynamic
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parameter κ is redefined as

κ =
√

k2 − V0, V0 > 0. (31)

The overall flow portrait in ka coordinates is shown in
the upper panel of Fig. 4. For the very low barrier there
are two antibound states: one is close to the origin (in
particular, for this state ka→ 0, if V0 → 0), and the other
is located deep on the negative imaginary axis (in partic-
ular, for this state ka→ −i∞, if V0 → 0). As the poten-
tial V0 grows these two antibound states move towards
each other, then annihilate at the ka = −i coalescence
point, generating the first, counting from the real axis,
flows of resonant, k1, and antiresonant, k−1, states. The
flows which originate from resonant/antiresonant states
of infinitesimally low barriers behave as follows. Their
starting points in the wave number plane, i.e. the limit
values of their eigenwavenumbers km and k−m in the
opening limit, are given by

k±ma→ ±(m− 1)
π

2
− i∞, V0 → 0, m = 2, 3, . . . . (32)

As the barrier grows, the resonant states move up and
to the right, while the antiresonant states move up and
to the left, never coupling with one another, and with
asymptotic values given by

k±ma→ ±∞− 0 i, V0 → ∞, m = 1, 2, 3, . . . . (33)

As expected no resonances exist for the impenetrable bar-
rier.
The overall flow portrait in κa coordinates is shown

in the lower panel of Fig. 4. In these coordinates, two
antibound states appearing for lower barriers also move
towards each other but annihilate at κa ∼= −1.200i,

which is one of the two complex-valued (conjugate) so-
lutions of Eq. (26). The first generated flows of reso-
nant/antiresonant states as well as the flows which origi-
nate from resonant/antiresonant states of infinitesimally
low barriers remain bounded and behave asymptotically
as

κ±ma→ ±mπ

2
, V0 → ∞, m = 1, 2, 3, . . . . (34)

V. CONCLUSIONS

In this paper we studied the flows of resonances (an-
tiresonances) for the square well potential. In particular,
beginning with a very shallow well, it was illustrated how
these states appear, develop, and possibly transform into
bound states in response to increasing the depth of the
well. Along with the complex wave number plane, the
results were illustrated in a newly introduced potentio-
dynamic complex plane. We have shown that the poten-
tiodynamic plane is a useful new addition to the tools
that already exist for probing the dynamical behavior
of resonant states. It provides an illuminating way to
keep track of the asymptotics of the flows by ensuring
that their trajectories remain bounded, a feature which
follows from the incorporation of the potential as an in-
trinsic part of the coordinate system. It seems to us that
this coordinate system will be useful for comparison of
analogous finite and infinite potential systems, and in
particular, that it can be used alongside the standard
wave number plane to get a clearer picture of what hap-
pens to the unbounded flows in the standard coordinate
plane.
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