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Quantum Mechanical Analogue of Optical Microdisk Resonators

R. P. Meeten and G. V. Morozov∗

Scottish Universities Physics Alliance (SUPA),
Institute of Thin Films, Sensors and Imaging,

University of the West of Scotland,
Paisley PA1 2BE, United Kingdom

(Dated: October 8, 2019)

The complex wave number plane furnishes us with a natural way to seek resonant modes of
quantum potentials and optical cavities. In this work we present the solution of the quantum
mechanical analogue of an optical microdisk resonator. The rich dynamical behavior of the states
is shown for a circular potential barrier in response to continuous variations of the parameters
of the potential. In particular, the flows of the resonances go to limit points which are zeros of
Hankel functions in complex wave number coordinates and zeros of Bessel functions in an alternative
complex potentiodynamic coordinate system.

I. INTRODUCTION

The theoretical description of resonances of a quantum
mechanical circular potential should have many parallels
with the description of resonances of an optical microdisk
with refractive index n embedded in a material of dif-
ferent refractive index. Resonances of such an optical
microdisk were investigated in detail in Refs. [1–4]. The
behavior of resonances of a quantum circular well i.e. at-

tractive potential has recently been analyzed in Ref. [5].
While there are some similarities between resonant state
behavior in these two problems, the lack of bound state
analogues for the optical problem makes the two some-
what incomparable.

In this paper, we examine the resonances of a quantum
circular barrier i.e. repulsive potential. In particular, we
will follow how the positions of resonant states vary in
the complex wave number plane as the barrier height is
continuously increased. We should note that the analo-
gous evolution of resonances for 1D quantum mechanical
potentials (both wells and barriers) in response to vari-
ation of the potential’s parameters has been studied in
Refs. [6–8]. Recently the resonances of 1D quantum me-
chanical potentials were revisited in Ref. [9] in the context
of the resonant-state expansion method, which was also
initially applied to optical problems, see Refs. [10–12].
The complex wave number plane provides one option of
a natural setting in which to follow the resonances as the
potential parameters vary.

In this paper, along with the complex wave number
plane, we also present an alternative complex plane,
which we call the potentiodynamic wave number coor-
dinate system. In this system we can learn more about
the behavior of the resonances, especially in the limit
of large barrier height. Overall, we will find remarkable
similarities between the behavior of the resonances of an
optical mircrodisk and a quantum mechanical 2D circular

∗
Electronic address: gregory.morozov@uws.ac.uk

barrier potential, provided the proper coordinate system
is chosen.

II. RESONANT STATES

In quantum mechanics the concept of a resonant state
is a natural extension of the idea of a bound state, see,
for example, Refs. [13–15]. In particular, the coordinate
parts of resonant states (resonances) are solutions ψn(r)
of the time-independent Schrödinger equation,

[−∆+ V (r)]ψ(r) = Eψ(r) (1)

with complex eigenvalues

En = En − i
Γn

2
, Γn > 0, (2)

subject to the outgoing wave boundary condition at in-
finity, which in two dimensions takes the form

ψn(r) →
exp(iknr)√

r
, r = |r|, r → ∞. (3)

In the above and further in this paper, Rydberg units,
i.e. ~ = 1 and µ = 1/2, where µ is the particle mass
(for example, the effective mass of an electron in a semi-
conductor) are used. The complex eigenwavenumber
kn = Re(kn) + i Im(kn) is related to the complex energy
En as

En =k2
n
= [Re(kn) + i Im(kn)]

2

= [Re(kn)]
2 − [Im(kn)]

2
+ 2 iRe(kn)Im(kn).

(4)

The outgoing wave boundary condition at infinity, see
Eq. (3), corresponds to the case Re(kn) > 0. Then, as
Γn > 0 in Eq. (2), one can see that it is necessary to have
Im(kn) < 0. Therefore, the resonance solutions (resonant
states) of Eq. (1), given in terms of complex wave num-
bers kn, are located in the fourth quadrant of the com-
plex wave number plane. Their coordinate wavefunctions



2

ψn(r) oscillate and grow exponentially outside the poten-
tial. They are not orthogonal and not normalizable in the
usual way, see Refs. [9–15], and the corresponding overall
wavefunctions Ψn(r, t) are given by

Ψn(r, t) = ψn(r) exp(−iEnt) exp(−Γn/2t). (5)

III. RESONANCE CONDITION FOR

CIRCULAR POTENTIAL BARRIER

The circular potential barrier is mathematically de-
scribed by

V (r) =

{

V0, r < R,

0, r > R,
(6)

where R and V0 > 0 are the potential radius and height
respectively. The circular geometry invites the use of
polar coordinates (r, ϕ), and Eq. (1) with E = k2 reduces
to

∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂ϕ2
+ κ2ψ(r, ϕ) = 0, r < R,

∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂ϕ2
+ k2ψ(r, ϕ) = 0, r > R,

(7)

where

κ =
√

k2 − V0. (8)

Eq. (7) is then split into radial and angular parts. The
resulting radial equation is Bessel’s equation and its so-
lutions are known as Bessel and Hankel functions of the
first and second kinds. Bessel functions of the second
kind are singular at the origin, and we reject these non-
physical solutions immediately. Hankel functions of the
second kind represent incoming waves, and are there-
fore of no further interest in this analysis applicable to
resonant states as defined in Eqs. (1 - 3). The angu-
lar solutions are simply sinusoids. This leaves eigen-
solutions, ψm(r, ϕ), in the form of resonant whispering
gallery modes, indexed by angular quantum number m
which corresponds to half of the number of hotspots in
the azimuthal direction. The solutions are expressed as

ψm(r, ϕ) =



















NmJm (κr)

(

cosmϕ
sinmϕ

)

, r < R,

Hm (kr)

(

cosmϕ
sinmϕ

)

, r > R,

(9)

where Jm and Hm denote Bessel and Hankel functions of
the first kind of order m respectively.
Then, continuity requirements for the function

ψm(r, ϕ) and its derivative along the boundary r = R,
lead to the fact that complex-valued wave numbers k in
Eq. (9) satisfy the system of transcendental equations

{

NmJm(κR)−Hm(kR) = 0,

κNmJ
′

m
(κR)− kH

′

m
(kR) = 0.

(10)

FIG. 1: Flow portraits for m = 0, m = 3, and m = 4 in
the complex wave number (kR) plane. The zeros of Hankel
functions of the first kind of order m, indexed by a quantum
number qe corresponding to increasing real part, are marked
as hm,qe .

As a result, the constants Nm are given by

Nm = Hm(kR)/Jm(κR), (11)

and the resonances kn can then be found numerically by
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solving the complex-valued transcendental equation

k Jm(κR)H
′

m
(kR)− κJ

′

m
(κR)Hm(kR) = 0, (12)

and retaining solutions with Re(kn) > 0 and Im(kn) < 0
only (as discussed in Section II). The resonances, kn, are

FIG. 2: Flow portraits for m = 0, m = 3, and m =
4 in the complex potentiodynamic coordinates (κR) plane
(

κ =
√

k2
− V0

)

. The zeros of Bessel functions of the first kind
of order m, indexed by a quantum number qi corresponding
to increasing real part, are marked as jm,qi .

twofold degenerate for m > 0, and nondegenerate for
m = 0. Within the group of resonances with the same
angular quantum number m, the radial quantum number
q will be used to label them in accordance with increasing
real parts of the wave numbers. Thus, the overall quan-
tum number n includes two physical quantum numbers
m and q.

IV. RESONANCE FLOWS AND PROBABILITY

DENSITIES

FIG. 3: Probability density plots for the case m = 3 for a
potential barrier with V0 = 50 for the only external (qe =
1) [left panel] and the first internal (qi = 1) [right panel]
resonance. High (low) density shown as dark (light). The
black dotted ring at r = 1 is the barrier boundary.

FIG. 4: Probability density plots for the case m = 3 for a
potential barrier with V0 = 50 for the second internal (qi =
2) [left panel] and the third internal (qi = 3) [right panel]
resonance. High (low) density shown as dark (light). The
black dotted ring at r = 1 is the barrier boundary.

One begins the analysis with a potential of effectively
zero height and solves Eq. (12) numerically. The dy-
namical behavior of the resonances is then sought by in-
crementally increasing the barrier height and re-solving
Eq. (12) with the new value of V0. The path traced out
by a resonance as a result of this procedure is known as
the flow of that resonance. The collection of all flows is
referred to as a flow portrait. Flow portraits in the com-
plex wave number (kR) plane for m = 0, m = 3, and
m = 4 are shown in Fig. 1. As one can see, resonances
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FIG. 5: Probability density plots for the case m = 4 for a
potential barrier with V0 = 50 for the two external resonances:
qe = 1 [left panel], qe = 2 [right panel]. High (low) density
shown as dark (light). The black dotted ring at r = 1 is the
barrier boundary.

FIG. 6: Probability density plots for the case m = 4 for a
potential barrier with V0 = 50 for the first internal (qi =
1) [left panel] and the second internal (qi = 2) [right panel]
resonance. High (low) density shown as dark (light). The
black dotted ring at r = 1 is the barrier boundary.

can be classified into two sets in accordance with their
flow behavior. In the kR plane, the first set, which we
henceforth refer to as external resonances, flow asymp-
totically to zeros of Hankel functions of the first kind
of order m. In this sense, the zeros of Hankel functions
behave as attractors for the flows in the language of dy-
namical systems theory. The number of these resonances
is (m− 1)/2 if m is odd and m/2 if m is even. In partic-
ular, there are no such resonances for m = 0 or m = 1.
The other type of resonance, of which there are infinitely
many, flow asymptotically to positive, real infinity in the
kR plane. We refer to these as internal resonances. For

convenience we arrange the resonances by increasing real
part with a radial modal index, q. The external reso-
nances are denoted by qe ∈ {1, ..., Q}, where Q is the
number of Hankel function zeros in the fourth quadrant
of the kR plane. The internal resonances are labelled
qi ∈ {1, 2, ...}.
Transforming these flow portraits into the somewhat

exotic complex potentiodynamic (κR) coordinates yields
a markedly different picture. This is shown in Fig. 2.
Now it is the internal resonances that flow to limit points
in this alternative coordinate system, and the external
resonances approach −i∞. In the κR plane, it is the
Bessel function zeros which act as attractors for the flows.

The probability density plots shown in Figs. 3, 4, 5, 6
for the representative cases of m = 3 and m = 4 with a
barrier height V0 = 50 behave in a manner akin to the
corresponding optical problem. The number of hotspots
in the azimuthal direction equals 2m, while the number of
hotspots in the radial direction in the probability density
plots of internal resonances is equal to the internal radial
modal index qi. In addition, the probability densities of
the external resonances reside almost entirely outside the
barrier as the name suggests, and the probability densi-
ties of the internal resonances have a significant presence
inside the barrier itself.

V. CONCLUSIONS

The attractor behavior of the zeros of Hankel and
Bessel functions in the different complex coordinate sys-
tems presented is a highly interesting feature of flows for
circular barriers. It is interesting to note that this case
is somewhat less problematic to interpret than the cor-
responding attractive potential studied in Ref. [5]. Over-
all, our findings for the behavior of the flows in this work
are quite analogous to what one finds in the correspond-
ing optical problem, see Refs. [1, 2]. There, some of the
flows (external resonances) tend asymptotically to Han-
kel function zeros in kR coordinates, while other flows
(internal resonances) tend asymptotically to Bessel func-
tion zeros in knR coordinates, where n is the refractive
index of an optical microdisk, i.e. knR coordinates for
the optical problem are equivalent to the potentiody-
namic coordinates κR for the quantum case.
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