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ABSTRACT 

An experimental study of temperature-dependent mechanical behaviour of 

Poly-methyl methacrylate (PMMA) was performed at a range of temperatures 

(20C, 40C, 60C and 80C) below its glass transition point (108C) under 

uniaxial tension and three-point bending loading conditions. This study was 

accompanied by simulations aimed at identification of material parameters for 

two different constitutive material models. Experimental flow curves obtained 

for PMMA were used in elasto-plastic analysis, while a sim-flow optimization 

tool was employed for a two-layer viscoplasticity model. The temperature 

increase significantly affected mechanical behavior of PMMA, with quasi-brittle 

fracture at room temperature and super-plastic behavior (110%) at 80C. The 

two-layer viscoplasticity material model was found to agree better with the 

experimental data obtained for uniaxial tension than the elasto-plastic 

description.  
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1. NTRODUCTION  

Poly-methyl methacrylate (PMMA) is an amorphous thermoplastic with 

moderate mechanical properties at room temperature and strain rate of 10-3 s-

1: tensile strength (𝝈𝑼𝑻𝑺) of 70 MPa, elastic modulus (𝑬) of 3300 MPa and low 

density as compared to metallic materials:  = 1.19 g.cm-3. Importantly, PMMA 

is biocompatible, making it highly desirable for use in electronics, micro-electro-

mechanical systems (MEMS), biomedical, micro-optics and micro-fluidic 

devices [1].  

In many of its applications, PMMA is exposed to a wide range of environmental 

and loading conditions [2]. Hence, several experimental studies were carried 

out to characterize its mechanical behaviour in terms of temperature and strain-

rate sensitivity [3-5]. In particular, various studies investigated response of 

PMMA to quasi-static and dynamic conditions. For instance, Arruda et al. [6] 

analysed the effect of temperature on compression of PMMA in quasi-static and 

intermediate strain-rate regions. They found that softening of the material 

occurring after its yield was a combined effect of strain hardening/softening and 

thermal softening. Also, Richeton et al. [7] studied the effect of a wide range of 

strain rates (from 0.0001 s-1 up to 5000 s-1) and temperatures (from -40°C up 

to 180°C) on mechanical response using compression tests. They found that 

yield stress increased with decreasing temperature and increasing strain rate 

for the studied materials including PMMA. Similar analysis for yield stress was 

performed by Chou et al. [8] and Briscoe and Nosker [9]. More recently, Jancar 

et al. [10] studied the effect of temperature and strain rate on yield stresses and 

post-yield softening of PMMA. Additionally, Raha and Bowsen [11] conducted 

plane-strain compression tests on PMMA to study the structural changes 

employing birefringence measurements. They reported that the model of 

dissociable cohesion points gave a reasonable explanation to all the 

observations on the polymer for its optical and mechanical properties. Arruda 

and Boyce [12] also performed uniaxial and plane-strain compression tests at 

temperatures below the glass transition to study the effect of anisotropy on 

deformation; stress-strain behaviour was found to depend strongly on the state 

of deformation. 
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Dissimilar to metallic materials, PMMA demonstrates initial yielding that 

depends on pressure, strain rate and temperature, but true strain softening after 

yielding, i.e., a drop in level of true stress with plastic straining can be observed. 

At large strains, the material hardens [13] (more information about the true 

stress - true strain response of PMMA can be found in [6, 13]). This feature of 

stress - strain curves of PMMA makes it cumbersome to model.  

Various material models have been suggested in the literature to describe 

amorphous polymers; their main application is to simulate different processing 

techniques [14]. There are many efforts to provide a constitutive model to 

capture mechanical behaviour of PMMA. Some of the early works on modelling 

of glassy polymers developed by many researchers can be found in [15-20].  

This work focuses on analysis of the temperature-dependent behaviour of 

PMMA and applicability of two constitutive models - elastic-plastic and two-layer 

viscoplastic - available in Abaqus 6.13 finite-element software. Tensile and 

bending tests of PMMA were performed over an application-relevant 

temperature range (20C, 40C, 60C and 80C) below its glass transition point 

(108C). The obtained experimental data were used to quantify parameters of 

the two constitutive models. 

To the best of the authors’ knowledge, this is the first study aimed at 

identification of parameters for two different material formulations of PMMA 

using an optimization simulation process flow 'sim-flow'. 

 

2. Experimental Procedure  

2.1. Materials and manufacturing process 

The material used in this study was standard-grade MD001 commercial poly 

(methyl methacrylate) (PMMA) with mass density of 1.19 g/cm3 at room 

temperature. PMMA samples for tension and bending were produced using a 

multipurpose injection moulding machine Arburg Allrounder 420 C, Golden 

Edition (Lossburg, Germany) in a sample set mould containing different 

specimens with their standard dimensions. This process was implemented 

according to standard ISO 8257 [21].  
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Dimensions of tensile test samples were according to BS 2782-3 [22, 23] or 

ISO 527 [23]. Dumbbell tensile-test specimens had a total length of 170 mm, 

width of 10 mm for the middle section and a thickness of 4 mm. Three-point 

bending specimens were prepared and produced according to ISO 178 [24] 

with a total length of 80 mm, a width of 10 mm and a thickness of 4 mm. 

2.2. Uniaxial tension test  

Tensile tests of the PMMA were performed using an Instron 3367 system with 

a maximum load capacity of 30 kN equipped with an environmental chamber 

with a temperature range from -70 to 350C and feedback temperature control. 

Before a test, the chamber was preheated to the designated temperature and 

left until the temperature became stable. Then, each specimen was mounted 

and left for 5 minutes in the chamber to reach the desired temperature, see Fig. 

1.  

 

Fig. 1: Tensile-test specimen mounted in grips of Instron 3367 inside 

environmental chamber 

The tensile tests on PMMA were carried out at temperatures of 20C, 40C, 

60C and 80C. In order to perform the test with a strain rate of 0.001 s-1, the 

speed of the crosshead was adjusted to 0.08 mm/s. Two specimens were 

tested for each temperature. 
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2.3. Three-point bending test  

Three-point bending tests were performed using a universal testing machine 

Zwick/Roell Z100 with a 100 kN load cell. A pair of supports was manufactured 

using tool steel (Fig. 2); the span between the lower supports 𝒍 was adjusted at 

64 mm and the loading speed was 3 mm/min. 

Three-point bending tests were performed at the same temperatures as tensile 

tests. A dedicated heating chamber was built, with temperature measured with 

a thermocouple near the middle section of the specimen; a supply of hot air and 

temperature level were manually controlled. The test was performed either until 

fracture of the specimen or reaching a deflection of 0.7 of a half span length. 

Here, also, two specimens were tested for each temperature. 

 

3. Finite-element modelling  

3.1. Model uniaxial tension test  

A tensile FE model was used to identify material parameters for two material 

formulations for PMMA. 

The geometry and dimensions of the dumbbell specimen of uniaxial tension 

test of PMMA were used in a two-dimensional (2D) finite-element model (FEM) 

developed using commercial finite-element software ABAQUS 6.13. Following 

the setup of the uniaxial tension test, encastre boundary conditions (U1 = U2 = 

UR1 = UR2 = 0) were applied to fix the left-hand part of the specimen, whereas 

a ramp type displacement (U1) was applied to its right-hand part (Fig. 3a). The 

latter was applied employing a coupling constraint between a reference point 

(RP) and the surface of the part, as shown in Fig. 3a; this allows all the nodes 

on this surface to move with the same displacement.  
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Fig. 2. Three-point bending specimen mounted on custom-made supports 

during test. 

 

 

(a) 

 

(b) 

Fig. 3: 2D plain-stress finite-element model of uniaxial tension (a) and three-

point bending (b) test PMMA specimen 
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Thanks to the symmetry of the specimen and its deformation about the x-axis, 

only its top-half was modelled, and a symmetry boundary condition about x-axis 

was applied. 

Various initial mesh sizes and element types were employed to reproduce the 

experimental stress-strain response obtained in the uniaxial tension tests. A 

number of the proposed mesh sizes and element types overestimated this 

response. Suitable results were obtained for an element type CPS8R, with a 

total number of 602 elements (1994 nodes); the average element size was 2 

mm. The simulation used a static general step with a dissipated energy fraction 

of 0.0002 and an adaptive stabilization with a maximum ratio of stabilization to 

strain energy of 0.05. 

3.2. Model of three-point bending  

A 2D FEM of three-point bending was developed with geometry and dimensions 

exactly as those used in the experimental part of this study, see Fig. 3b.  

The PMMA specimen was modelled as a deformable material while the 

supports were rigid. Following the test setup, the bottom supports were fixed 

using an encastre type of boundary conditions, whereas a ramp-type 

displacement (U2) at the reference point was applied to the top support (Fig. 

3b). A surface-to-surface contact was defined between the top surface of the 

PMMA specimen and the outer surface of the top support; the same type of 

contact was applied between the bottom surface of the specimen and the outer 

surfaces of the bottom supports. A coefficient of friction of 0.3 was defined for 

all the contact surfaces for tangential behaviour and a hard contact was defined 

for the normal one [25]. 

In this simulation, the same mesh-sensitivity approach introduced in the uniaxial 

tension test model was followed for the three-point bending model. The element 

type used for the PMMA specimen was CPE8RH (plain-strain quadratic with 

hybrid formulation), with a total number of 1280 elements (4177 nodes); the 

average element size was 0.5 mm. Increments were defined as in the uniaxial-

tension-test model.  
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3.3. Constitutive material models for FEM   

Two material models implemented in Abaqus 6.13 [26] were employed to 

characterize behaviour of PMMA. The first was an elastic-plastic constitutive 

material model and the second a two-layer viscoplasticity model. Parameters 

of the former were calculated based on the experimentally obtained flow curves 

while for the latter they were obtained using an optimization sim-flow tool, (its 

details are presented below).  

 

4. RESULTS AND DISCUSSION 

4.1. Uniaxial tension test  

The tension results obtained for the quasi-static strain rate of 0.001 s-1 and 

various temperatures below the glass transition temperature showed a 

significant effect of temperature on mechanical behaviour of PMMA. Its Young’s 

modulus, yield stress, ultimate tensile stress and strain at fracture were strongly 

affected by increasing temperature, as evident from stress-strain responses in 

Fig. 4. Importantly, engineering stress-strain curves of two specimens obtained 

at each temperature are almost identical. Mechanical behaviour of PMMA in 

tensile tests exhibited an initial elastic response followed by yielding, strain 

softening and, finally, non-linear strain hardening, as described by [27]. As also 

reported in other studies, polymer glasses deformed beyond their yield stress 

underwent a drop in the stress level known as strain softening or yield-drop [10, 

28]. Strain softening corresponds to the onset of strain localization, and plays 

a critical role in controlling ultimate mechanical properties of polymers. 

While the material showed almost brittle fracture with a limited strain of only 5% 

at room temperature, it demonstrated super-plastic behaviour at 80C, 

achieving strain over 110% without fracture (the test was stopped due to 

reaching the dimensions of the heating furnace). Also, as temperature 

increased, the stress corresponding to the onset of softening decreased. 

 

The material had high ultimate tensile stress (UTS) at 20C, demonstrating an 

inverse relation with temperature, see Fig.  5. When the temperature increased 

from the room temperature to 80C, the UTS decreased by 33.7%. In addition, 
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fracture energy (area under the curve) of PMMA had increased significantly 

with increasing temperature up to 60C (Fig. 4).  

To describe the effect of temperature on yield stress, or ultimate tensile stress, 

the following relationship [29] was used:  

 

𝝈𝐔𝐓𝐒 =  𝝈𝟎𝐔𝐓𝐒
(𝟏 − 𝒄𝐔𝐓𝐒(𝑻 − 𝑻𝟎)/𝑻𝐠), Eq. 1a 

Eq. 1b  𝝈𝐘 =  𝝈𝟎𝐘
(𝟏 − 𝒄𝐘(𝑻 − 𝑻𝟎)/𝑻𝐠) 

where 𝝈𝐘 and 𝝈𝐔𝐓𝐒  are the yield stress and the ultimate tensile stress, 

respectively, 𝝈𝟎𝐘
 and 𝝈𝟎𝐔𝐓𝐒

 are the respective stress at the reference 

temperature 𝑻𝟎 (here: room temperature in K), 𝑻 is the test temperature (in K), 

𝑻𝐠 is the (glass transition temperature; 381 K) and 𝒄𝐘 and 𝒄𝐮𝐭𝐬 are the material 

constants. 

 

The yield stress (calculated here as proof stress; 𝝈𝟎.𝟐%) exhibited behaviour 

similar to that of the UTS with PMMA having the highest yield stress at room 

temperature. Over the studied temperature range, the yield stress decreased 

by 67.7%. It is worth mentioning that various researchers found that yield 

stress, ultimate tensile strength and Young’s modulus decreased with 

increasing temperature [27, 30].  

The strain at fracture 𝜺𝐟𝐫  (characterising an extent of elongation of the 

specimen elongated to failure) demonstrated different behaviour described with 

an exponential regression model: 

 

𝜺𝐟𝐫 = 𝟏. 𝟐𝟗𝟔 ∗ 𝟏𝟎−𝟓 ∗ 𝒆𝟎.𝟎𝟒𝟓𝟐𝟐 𝑻. Eq. 2 

 

It is worth mentioning that linear reduction in tensile properties (elastic modulus, 

yield strength and tensile strength) with temperature was observed both below 

and above the glass transition point of four different types of thermoplastic 

composites. It was noted that two different slopes were identified for variations 

of strength and stiffness below and above the glass transition point of 30 wt% 

short–glass-fibre-reinforced polyamide-6.6 [31]. Near 𝑇𝑔, a drastic reduction in 

tensile strength and elastic modulus was found [32].   
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Fig. 4:  Tensile stress-strain curves of PMMA at different temperatures 

 

Fig.  5: Effect of temperature on test data for PMMA  

4.2. Three-point bending test 

The load-deflection curves obtained in bending were converted into stress-

strain curves using the following equations for flexure stress 𝝈𝒃  and strain 𝜺𝒃  

[24]: 

 

𝝈𝒃 =  
𝟑𝑭𝒍

𝟐𝑩𝒉𝟐 , Eq. 3 

 

𝜺𝒃 =  
𝟔𝒉𝒅

𝒍𝟐  , Eq. 4 
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where 𝒉 and 𝑩 are the thickness and width of the specimen, 𝑭 is the force, 𝒍 is 

the beam’s span and 𝒅 is the specimen’s deflection at mid-span. 

In fact, the classical formula used to calculate bending stress (Eq. 3) holds only 

in the case of ideal three-point bending for certain ratios of 𝑙/ℎ, which is equal 

to 20 [33]. Application of this equation assumes a cross-section symmetrical 

about the loading axis and that the plane sections remain undistorted and 

normal to the long axis in loading, i.e., ignoring shear deformation. In this study 

𝑙/ℎ is 20; therefore, these equations should work reasonably well. 

The stress - strain curves for PMMA at different temperatures for three-point 

bending are presented in Fig. 6; similar to the uniaxial tension test, PMMA 

demonstrated high sensitivity to temperature. Almost brittle fracture behaviour 

was revealed at the room temperature, with minimal post yield deformation. 

However, when the temperature was increased incrementally by 20C, its effect 

started to become apparent, especially at 80C. Specimens tested for each 

temperature revealed similar behavior; however, due to the high sensitivity of 

the material at high temperatures, the manual control used in heating resulted 

in small fluctuations in the responses at 60C and 80C (Fig. 6).  

It is worth noting that the flexure stress –strain curves are different from those 

obtained in the uniaxial tension tests at the same temperature range; here, the 

yield drop is not obvious. Also, PMMA did not show a sudden softening after 

yield in bending as compared to its tension behavior. This is, probably, due to 

the nature of the bending as the bending stress is considered as a combination 

of compressive and tensile stresses.   

 

Table 1 contains the flexure strength of the PMMA at different temperatures at 

constant crosshead speed of 0.3 mm/min. The average flexure strength 

decreased significantly with the increase of temperature, by 85.0% in the 

studied temperature range.  
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The difference of tensile strength 𝜎UTS (Fig. 5) and flexure strength listed in 

Table 1 can be linked to deformation being non-uniform in bending compared 

to homogeneous in tension, with the flexural strength representing the stress 

on the outer layer of the specimen. Moreover, Eq. 3 and Eq. 4 are only valid up 

to a maximum fibre strain of 5% [33]. 

The elastic modulus 𝐸 of PMMA was computed at different temperatures using 

the load-deflection responses from the three-point bending tests using the 

following formula:  

 

 

Fig. 6: Flexure stress − flexure strain curves of three-point bending tests at 

different temperatures 

 

Table 1: Flexure strength of PMMA at different temperatures 

Temperature (°C) 20 40 60 80 

Maximum force (N) 226.5 153.4 115.6 34.0 

Flexure strength (MPa) 135.9 92.0 69.3 20.4 

Fracture strain (%) 4.3 5.7 13.0 12.0 

 

𝑬 =  
𝒍𝟑

𝟒𝑩𝒉𝟑 𝑺, Eq. 5 
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where 𝑆  is the slope (i.e., the tangent) of force-deflection curve between two 

reference points corresponding to strains of 0.05% and 0.25%, as described in 

ISO 178 [24].  

In the test, deflection values of 0.09 and 0.34 mm corresponded to 0.05% and 

0.25% strains. The resultant values of the elastic modulus of PMMA are given 

in Table 2; they are highly affected by the temperature. The elastic modulus of 

PMMA decreased by 73.9% in the studied temperature range.  

 

4.3. Identification of parameters of material models  

4.3.1.  Elasto-plastic model 

The elastic parameters of PMMA are represented by the temperature-

dependent elastic modulus and the Poisson’s ratio  of 0.35 [34]. The 

methodology of assessing elastic modulus at different temperatures and 

respective results are given in Section 3. Although there are some differences 

between the calculated elastic modulus and the reported values [35-39], the 

authors employed their results. 

The plastic data were prepared for different temperatures, using true stress-

true strain ( − ) curves. They were calculated from the engineering stress () 

− strain (𝒆) curves (Fig. 4), using the well-known relationships:  = (𝟏 + 𝒆) 

and   =  𝐥𝐧 (𝟏 + 𝒆). 

As discussed, the stress-strain curves of PMMA are characterized by complex 

behavior with the elastic response followed by plastic yielding accompanied by 

initial material strain hardening, with subsequent softening and then final 

hardening of the materials until fracture (Fig. 4). This behavior makes it 

challenging to describe the whole flow curves. Different constitutive material 

models were suggested to describe such flow curves [6, 7, 40]. The authors 

examined various models; the most suitable one capable of describing various 

hardening and softening stages of the flow curves is the constitutive material 

model after Nasraoui et al. [2]. This constitutive relation was proposed based 

on the pioneer work of G’sell and Jonas [41] and allows reproducing the main 

experimental observations of the flow curves detailed previously. 
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In this model, the flow stress 𝝈𝒇  as a function of strain 𝜺, strain rate and 

temperature is expressed by a combination of additive and multiplicative terms 

[2]: 

𝝈𝒇 (𝜺, �̇�, 𝑻) = (𝟏 −
𝑻

𝑻𝐠
) (𝟏 − 𝐞𝐱𝐩(−𝒘𝜺)) [𝝈𝟏 𝐞𝐱𝐩(−𝒃𝜺) (

�̇�

𝜺𝟎𝟏
∙ )

𝒎𝟏

+

𝝈𝟐 𝐞𝐱𝐩 ((𝒉𝒐 + 𝒉𝟏
𝑻−𝑻𝒐

𝑻𝒐
) 𝜺𝟐) (𝟏 + (

�̇�

𝜺𝟎𝟐
∙ )

−𝟏

)

−𝒎𝟐

],                      

Eq. 6 

where 𝑻𝒐 is the reference temperature, taken equal to 298 K, 𝑻𝐠  

Table 2: Effect of temperature on elastic modulus of PMMA  

Temperature (C) 20 40 60 80 

Slope (N/mm) 40.16 31.94 38.49 10.47 

Elastic modulus (MPa) 5140.5 4088.3 4926.7 1340.2 

 

is the glass transition temperature (381 K), 𝜺  is the true strain, �̇�𝟎𝟏  is the test 

strain rate (0.001 s-1 ) and 𝜺�̇�  is the reference strain rate taken equal to 0.1 s-1. 

The constants 𝒎𝟏 and 𝒎𝟐 are strain–rate-sensitivity parameters. The tensile 

tests were carried out at a constant strain rate of 0.001 s-1; therefore, these two 

parameters were the same as those calculated by Nasraoui et al. [2]. 𝒎𝟏 and 

𝒎𝟐 are 0.125 and 0.071, respectively. The other parameters 𝒘,

𝒃,  𝒉𝟎,  𝒉𝟏,  𝝈𝟏 and 𝝈𝟐  are material-dependant that could be determined from the 

curve-fitting of the experimental results.  

In Eq. 6, the term 𝝈𝟏 𝐞𝐱𝐩(−𝒃𝜺) (
�̇�

𝜺𝟎𝟏
∙ )

𝒎𝟏

 is used to describe the yield stress and 

strain softening after the peak stress, whereas the second additive term 

describes strain-hardening behaviour during plastic deformation. The 

calibration of the material parameters of this constitutive relation based on our 

experimental data is described below.  

It should be mentioned that the material parameters provided for PMMA based 

on the model proposed by Nasraoui et al. [2] did not reproduce our tensile 



15 
 

stress-strain curves well. The values of these parameters depend on different 

factors including manufacturing conditions, heat treatment and test conditions. 

Therefore, these material parameters were used as initial values for an iterative 

curve-fitting process to reproduce our experimental results (as shown in Fig. 7). 

A curve-fitting algorithm was used to tune the values of the material parameters 

in the model proposed by Nasraoui et al. [2] for PMMA to match our 

experimental data as listed in Table 3. It was found that all the material 

parameters were temperature-insensitive apart from 𝒉𝟏. As a result, they were 

considered as temperature-independent for all test temperatures. The 

temperature-insensitive material parameters are listed in Table 3a while the 

value of temperature-dependent parameter 𝒉𝟏 is given in Table 3b. Finally, it 

can be concluded that the calculated PMMA parameters at quasi-static loading 

and different temperatures below the glass transition temperature matched the 

experimental tensile stress-strain curves to a very good extent, as shown in Fig. 

7. 

 

 

Fig. 7:  Description true stress-true strain curves for PMMA using [2] at 0.001 

s-1 for different temperatures 
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Table 3: (a) Temperature-independent parameters for constitutive material 

model of PMMA at strain rate of 0.001s-1 

Parameter 
Tg 

(k) 
w 

1 

(MPa) 
b 

2 

(MPa) 
ho 

𝜀0̇1 

(1/s) 
m1 m2 

𝜀0̇2 

(1/s) 

Value 378 38 950 25 140 0.85 0.001 0.125 0.071 0.1 

 

(b) Temperature-dependent parameter 𝒉𝟏 

T (C) 20 40 60 80 

ℎ1 50 34.6 16.6 6.64 

 

4.3.2. Two-layer viscoplasticity model 

A rheological idealization of the two-layer viscoplasticity model is shown in Fig. 

8; it comprises an elastic-plastic network that is parallel with an elastic-viscous 

(Maxwell model) network. The model describes the combined effect of rate-

dependent (elastic-viscous network) and rate-independent (elastic-plastic 

network) material behaviour. The latter demonstrates permanent deformation 

after load application, whereas the former exhibits permanent deformation 

under load over time [42]. In the elastic-plastic network, 𝑲𝑷 is its elastic 

modulus, 𝝈𝒚 is the initial yield stress and 𝑯′ is the average slope of the plastic 

response. In the elastic-viscous network, 𝑲𝒗 is its elastic modulus, 𝑨 and 𝒏 are 

the Norton creep parameters based on the Norton-Hoff law. 

 

The two-layer viscoplasticity model is based on the von-Mises yield condition 

in the elastic-plastic network and the Norton power law (secondary creep) for 

the viscoplastic behaviour in the elastic-viscous network [43]. The two 

mechanisms are considered independent, and the total stress 𝝈 is the sum of 

the respective stresses 𝝈𝒗 and 𝝈𝒑. The model is implemented in ABAQUS and 

describes the elastic, plastic, and viscous deformations. The elastic component 

of both networks is defined in terms of linear isotropic elasticity. A parameter 𝒇 
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is introduced to define the ratio of the elastic modulus of the elastic network 

(𝑲𝒗) to the total (instantaneous) modulus (𝑲𝒑 + 𝑲𝒗 ) as follows [26]:  

𝒇 =
𝑲𝒗

(𝑲𝒑+𝑲𝒗)
, Eq. 7 

 

where 𝑲𝒑 is the elastic modulus at the slowest loading rate and 𝑲𝒗 is defined 

by 

𝑲𝒗 = 𝑲 − 𝑲𝒑, Eq. 8 

 

where 𝑲 is the elastic modulus of the material at the fastest loading rate. 

 

The viscous behaviour of this model is governed by the Norton-Hoff rate law 

given by 

�̇�𝒗
𝒗 = 𝑨𝝈𝒗

𝒏. Eq. 9 

 

In Eq. 9, the subscript 𝒗 denotes quantities in the elastic-viscous network alone. 

This form of the rate law is chosen based on a time-hardening power law for 

the viscous behaviour and setting 𝒎 = 𝟎 [26]. 

 

Fig. 8: Rheological idealization of two-layer viscoplasticity model (after [39]) 

 

The slope of the plastic response 𝑯′ is defined as the average slope of the 

stress-strain curve from the beginning of the deviation from elastic response to 

the yield stress for different loading rates. 

Six material parameters need to be identified for the two-layer viscoplasticity 

model: the elastic properties of the two networks, 𝑲𝒑 and 𝑲𝒗; the initial yield 𝝈𝒚; 

the hardening parameter 𝑯′; and the Norton-Hoff rate parameters, 𝑨 and 𝒏. 
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In order to define the parameters 𝑨 and 𝒏, the long-term (steady-state) relation 

(in Eq. 9) of the elastic-viscous network under a constant strain rate is rewritten 

as: 

𝝈𝒗 =  𝑨−
𝟏

𝒏�̇�𝒗

−
𝟏

𝒏. Eq. 10 

Under the assumption that the hardening modulus 𝑯′ is negligible compared to 

the elastic modulus (𝑲𝒑 ≫ 𝑯′), the steady-state response of the overall material 

is described by  

𝝈𝒕 = 𝑨−
𝟏

𝒏�̇�𝒗

−
𝟏

𝒏 + 𝝈𝒚 + 𝑯′𝜺𝒕, 
Eq. 11 

where 𝝈𝒕 is the total stress for a given total strain 𝜺𝒕.  

 

Identification of the material parameters of this two-layer viscoplasticity model 

based on an optimization procedure is described in the next section. 

4.4. Optimization procedure for determining viscoplastic material parameters 

In this section, the unknown parameters of the two-layer viscoplasticity model 

(Eq. 11) are computed. This model involves three independent parameters: the 

Norton-Hoff rate parameters, 𝑨 and 𝒏, as well as the parameter 𝒇, with 𝒎 set 

equal to zero to represent steady-state secondary creep. These are the only 

parameters required by ABAQUS software to define the two-layer 

viscoplasticity model. To identify the constants, an optimization simulation 

process flow called 'sim-flow' was used. A sim-flow was implemented in Isight 

software package using ABAQUS 6.13, a data matching tool, a calculator and 

a Hooke-Jeeves optimization technique [44], see Fig. 9.  

 

First, an initial guess was used for material parameters in the uniaxial tensile 

FE model, employing ABAQUS software - generated both the input and output 

files. Second, the optimization sim-flow was developed (Fig. 9) and each 

component was configured to define the required data. Then, the material 

parameters were chosen as the design variables for the optimization algorithm 

and the history output for the reaction force and displacement of the uniaxial 

tension model were used for data matching the experimental force-

displacement data. The calculator component was used to double the reaction 
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force according to the symmetry boundary conditions used. The data-matching 

tool played an important role in comparing force-displacement data both for the 

model and experiments, minimizing the sum of squared differences. The 

Hooke-Jeeves optimization algorithm was implemented to obtain the material 

parameters. Lower and upper bounds of all three parameters were defined as 

optimization constraints. The parameter 𝑨 was bounded by 1e-15 and 20, the 

parameter 𝒏 was bounded by 1 and 10, and the parameter 𝒇 was bounded by 

1e-4 and 1. The objective function of the optimization process was minimization 

of the sum of the squared difference of the forces. The obtained calibrated 

parameters for the studied temperatures are provided in Table 4.  

 

 

 

Fig. 9: Optimization sim-flow for calibration of viscoplastic material parameters 

 

To verify the optimized parameters at each temperature, they were used to 

simulate the three-point bending test (see below). 

4.5. Uniaxial tensile FE model  

At the next stage of analysis, FE simulations of the uniaxial tension test were 

used to examine the two material models used in this work. The comparison of 

experimental and calculated stress-strain curves of PMMA at different 

temperatures are presented in Fig. 10. For all the studied temperatures, it was 

found that the two-layer viscoplasticity formulation described mechanical 

behaviour of PMMA better. The two formulations exhibited behaviour similar to 

experiments up to their peaks. However, for the post-yield behaviour, the two-

layer viscoplasticity model demonstrated good agreement with the 
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experimental data in contrast to the elasto-plastic one. The elasto-plastic 

material formulation also overestimated stress values for the elastic responses 

at lower temperatures 20 C and 40 C, Fig. 10a and b. With temperature 

increasing to 60C, the elasto-plastic model demonstrated behaviour similar to 

that of the two-layer viscoplasticity in the elastic range and up to the ultimate 

tensile stress. However, for 80 C, the elasto-plastic model overestimated the 

ultimate tensile stress. 

Various mesh refinements were examined to investigate their effect on 

softening behaviour of the elasto-plastic model; however, no significant 

changes were found with a steep drop in the stress level after reaching the 

ultimate tensile stress level (Fig. 10). 

In contrast, the two-layer viscoplasticity model showed good agreement with 

the experimental data for all the temperatures for the entire curves. However, it 

slightly overestimated both the ultimate tensile stress 𝜎𝑈𝑇𝑆 and the respective 

strain for PMMA curves at 40C, 60C and 80C. 

When the two-layer material formulation was used to model the uniaxial tension 

test at 20C, there was no drop in the stress level, see Fig. 10a. This was 

reflected in a uniform distribution of von Mises stress at the end of simulation 

without any drop in the stress level (Fig.  11b), in contrast to apparent stress 

localization predicted with the elasto-plastic formulation (Fig.  11a).  

The von Mises stress at 80C calculated with the two-layer viscoplasticity model 

(Fig.  12) showed uniform distribution at the peak load, but a different character 

at the end of simulations with large global deformations. 

 

Table 4: Identified material parameters for PMMA two-layer viscoplasticity 

model at four different temperatures 

𝑓 𝑛 𝐴  

0.50005 4 0.0002 °20 C 

0.50005 1.22 0.069 40°C 

0.50005 1 0.2 60°C 

0.50005 1 0.6 80°C 
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(a) 

 

(b) 
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(c) 

 

(d) 

Fig. 10: Experimental and numerical stress-strain curves for PMMA under 

uniaxial tension for (a) 20C; (b) 40C; (c) 60C; (d) 80C 

 

 

 

(a) 

 

(b) 

Fig.  11: Distribution of von Mises stress in PMMA specimen in uniaxial tension 

at 20C (a) elasto-plastic model (strain 6.25%); (b) two-layer viscoplasticity 

model at end of simulations (strain 6.49%) 
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Fig.  12: Distribution of von Mises stress in PMMA specimen in uniaxial tension 

using two-layer viscoplasticity material model at 80C: (a) at peak stress level 

(strain 6.29%); (b) at end of simulation (strain 122.7%) 

 

4.6. Three-point bending FE model  

The two material formulations were further used to simulate three-point bending 

tests. After their validation process with the tension tests, the same material 

parameters at each temperature were used for bending. The load-deflection 

curves of PMMA obtained with these FE simulations are compared with the 

experimental results at different temperatures in Fig. 13. Generally, both 

models showed good agreement with the experimental results, but the 

performance of the two-layer material model was better. Apparently, the elasto-

plastic material model provided acceptable results up to a certain level of 

deformation only. Similar to the case of the tension tests, the elasto-plastic 

material model overestimated the forces for all the simulated conditions. It 

should be noted that the elasto-plastic model predicted post yielding behavior 

of specimens tested at 20C, 40C, and 60C very well. In this loading regime, 

PMMA experiences low levels of stress and deformation compared to the 

uniaxial tension test, and, as a result, deformations in the specimen did not go 

beyond the limitations of the model.  
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Although the two-layer material formulation showed some deviations from the 

experimental data, it captured the general load-deflection behavior better. Both 

models overestimated the peak load in all the simulations, but the two-layer 

material model followed the load-deflection profile more closely.  

 

Distributions of typical von Mises stress at the peak load for three-point bending 

specimens tested at 20C and 80C are shown in Fig. 14 for the two models 

used. The two-layer material model demonstrated a higher level of stresses 

compared to the elasto-plastic material model, and a larger deflection at peak 

load.  

 

(a) 

 

(b) 
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(c) 

Fig. 13: Experimental and numerical force-displacement behavior of PMMA 

specimen in three-point bending: (a) 20C; (b) 40C; (c) 60C 

 

 

Fig. 14: Distribution of von Mises stress in PMMA specimen in three-point 

bending at peak load at 20C: (a) elastic-plastic model; (b) two-layer 

viscoplasticity model 
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5. CONCLUSIONS 

An experimental study was performed to examine the influence of the 

temperature on mechanical behavior of PMMA using uniaxial tension and three-

point bending. Additionally, a numerical analysis was introduced to identify the 

parameters of two different material formulations for PMMA, namely, elasto-

plastic and two-layer viscoplasticity constitutive material models. The following 

conclusions were drawn: 

 The temperature rise significantly affected the elastic modulus, yield 

stress, ultimate tensile stress and strain at fracture of PMMA. 

 PMMA demonstrated quasi-brittle fracture at the room temperature and 

super plastic-behavior (  110%) at 80C.   

 The flow curves of PMMA were successfully described with the 

employed material models and their parameters were quantified. The 

optimal parameters of the two-layer viscoplasticity material model were 

defined with a developed sim-flow optimization tool. 

 The two-layer viscoplasticity material model demonstrated better 

agreement with the experimental data compared to the elasto-plastic 

material model through the verification using the uniaxial tension data 

for PMMA. 

 The FE simulations with the two material models were validated using 

the three-point bending data. The two-layer viscoplasticity model 

demonstrated good overall agreement with these experimental results, 

while the elasto-plastic material model showed acceptable results. 
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